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Our aim is to report some recent advances in the development of residual distribution (RD) schemes
using unstructured meshes: we present here some 3D results using pure tet meshes with a third order
accurate scheme and 3D results using meshes with hex only. These latter meshes originate from ONERA
where they have been used for Euler simulations with the Elsa code. Elsa only uses block structured
meshes so that we have transformed the ‘‘ijk’’ format of the mesh into a nonstructured one without mod-
ifying the location of vertices and the connectivity of the mesh, so that it is exactly the same mesh.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

The RD scheme has been originally motivated by Roe in his fluc-
tuation and signal framework. A one dimensional example of this
framework is provided by his 1981 JCP paper [15] and a multidi-
mensional extension is given in [8,16]. The idea is to design
schemes where upwinding is a design principle. This is relatively
easy in 1D, much less trivial in multiD since the signals are, for
most waves, genuinely multidimensional, except for the steady
supersonic case. This exact path has been followed for a some years
by Roe and co-workers, in particular the group at VKI, and has led
to a some very interesting non-oscillatory second order schemes
for steady problems, and also a couple of questions. It has quite
early been recognized that the RD schemes have many connections
with the stabilized finite element methods see [10,9], and some
formalizations of these methods have been done in [1,2]. It has also
been possible to increase the accuracy from second to a priory any
order, first on triangular meshes [6,5] and then more systemati-
cally on hybrid meshes in two dimensions [3]. Extensions to
unsteady problems have been proposed in [4,14] and a very effi-
cient one is proposed in [13]. The purpose of this paper is to show
that these techniques extend without any problem to 3D, and that
the schemes are easily parallelisable.
ll rights reserved.
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In a first part, we recall our construction of the high order RD
schemes. We consider the equations of compressible fluid mechan-
ics (perfect gas), on a domain X � R3,

div fðuÞ ¼ 0 if x 2 X;

~u �~n ¼ 0 on the solid walls

u ¼ u1 on the inflow=outflow boundaries of @X

ð1aÞ

with

u ¼ ðq;q~u; EÞT and f ¼ ðq~u;q~u�~uþ pId;ðEþ pÞ~uÞT ð1bÞ

with E ¼ p
c�1þ 1

2 q~u2. The parallel implementation of the scheme is
also described. The second part is devoted to 3D numerical
illustrations.

2. Schemes and parallelization issues

2.1. Description of the methods

We consider a conformal mesh T h of X. The elements are
denoted by K and the vertices of T h by fMigi¼1;ne

. We assume here
that X ¼ [K2T h

K. The aim is to approximate the solution u of (1) by
uh 2 Vh where, denoting by PrðKÞ the set of polynomial of degree r
defined on K,

Vh ¼ fV continuous function over X; such that for any K

2 T h;V jK 2 PrðKÞ5g:
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Fig. 1. 2 domains partitioning (P1 scheme): (a) Processor’s 0 unknowns in red, Processor’s 1 unknowns in blue, (b): Overlaps creation (P1 scheme): Processor’s 0 calculated
unknowns in red, unknowns received from Processor 1 in blue, Overlap’s cells in gray, (c): Overlaps creation (P1 scheme): Processor’s 1 calculated unknowns in blue,
unknowns received from Processor 0 in red, Overlap’s cells in gray. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)
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PrðKÞ is of dimension Nr and we introduce Nr Lagrange points r on
K. For the two cases studied in this paper, we have

� for tetrahedrons, the Lagrange points have the barycentric coor-

dinates i
r ;

j
r ;

k
r ;

l
r

� �
with i, j, k integers such that i + j + k + l = r. The

dimension of PrðKÞ is Nr ¼ ðrþ1Þðrþ2Þðrþ3Þ
3 .

� for hexahedrons, we proceed as follows. The hex K is mapped
onto [0,1]3 (this can be done under some geometrical condi-
tions, such as the convexity of K). The image of the rs by this
mapping have the coordinates i

r ;
j
r ;

k
r

� �
with i, j, k integers smal-

ler than r. The dimension of PrðKÞ is r3.

Similar approximation spaces can be used for prisms. For other
elements, such as pyramids, not considered here, the approxima-
tion space is different, see for example [7], but the same method
can be adapted a priory. The solution of (1) can be equivalently
represented by the approximations of u at the degrees of freedom,
generically r. We set uh

r :¼ uðrÞ. The purpose of the RD scheme is
to evaluate uh at these degrees of freedom. This is in contrast with
classical finite volume schemes or Discontinuous Galerkin (DG)
schemes where average values of u, or quantities enabling to
evaluate the average of uh in the case of DG schemes, are evaluated.

A residual distribution scheme for (1) writes, for an internal
degree of freedom r, as

for all r 2 K;
X
K3r

UK
rðuhÞ ¼ 0: ð2Þ

The residual in (2) must, following [6], satisfy the following conser-
vation constraints

for any K;
X
r2K

UK
rðuhÞ ¼

Z
@K

fhðuhÞ �~ndl :¼ UKðuhÞ ð3Þ

where fh(uh) is a high order accurate approximations of the flux
f(u). Natural choices are either fh(uh), the Lagrange interpolant of
f(u) at the degrees of freedom defining uh, or the true flux evaluated
Fig. 2. 2 domains partitioning (P2 scheme), overlaps creation (P2 scheme): (a) Processo
unknowns in red, unknowns received from processor 1 in blue, overlap’s cells in gray, (c)
red, overlap’s cells in gray. (For interpretation of the references to colour in this figure l
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for uh. We also assume that the residuals UK
r depend continuously of

their arguments. Indeed, we impose a more severe constraint: UK
r

only depends on the values of fur0 gr02K .
If C is any edge/face of the inflow boundary of X, we consider a

numerical flux F that depends on the boundary condition u-, the
inward normal ~n and the local state uh. In the case of wall condi-
tions, u- is defined by mirroring. Then we assume that we have
boundary residuals UC

r which satisfy the following conservation
relation

for any C � @X;
X
r2C

UC
r ¼

Z
@C
Fðuh;u�;~nÞ � fhðuhÞ �~n
� �

dl :¼ UC;

ð4Þ

the residuals UC
r are assumed to be only dependent on the fur0 gr02C,

continuous, and the relation (3) has to be red, for any boundary
node r, as

for all r 2 @X;
X
K3r

UK
r þ

X
C�@X� ;C3r

UC
r ¼ 0: ð5Þ

Following [6], it is easy to show that if the sequence uh is bounded
in L1when h ? 0, and if there exists v such that uh ? v when h ? 0,
then v is a weak solution of (1). Additional constraints can be set to
fulfill entropy inequalities.

Which quadrature formula should we use in practice ? This
question is related to the formal accuracy of the scheme. We first
explore this for the scheme (2), (5) with the conservation relations
(3) and (4), and then we move to the more practical one with
approximated quadrature formula (2), (5). Following again [6],
have the following result:

Proposition 2.1. If the solution u is smooth enough and the residual,
applied to the Pk interpolant of u, satisfy

UT
rðuhÞ ¼ OðhrþdÞ ð6aÞ

and
r’s 0 unknowns in red, Processor’s 1 unknowns in blue, (b) Processor’s 0 calculated
Processor’s 1 calculated unknowns in blue, unknowns received from processor 0 in

egend, the reader is referred to the web version of this article.)
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Fig. 3. Pressure isosurface and on the boundary.
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UC
r ¼ Oðh

rþd�1Þ; ð6bÞ

if moreover the approximation fh(uh) is r + 1-order accurate, then the
truncation error satisfies jEðuh;uhÞj 6 Cðu; f;uÞhrþ1. The constant
C(u,u) depends only on u and u.

From the previous result, if there exists a constant (in the scalar
case) or a matrix (in the system case) bT

r such that

UK
r ¼ bK

r

Z
@K

fhðuhÞ �~ndl
� �

; ð7aÞ

UC
r ¼ bC

r

Z
@K

fhðuhÞ �~n� Fðuh;u�;~nÞdl
� �

;

�
ð7bÞ

then the condition (6) is fulfilled provided that bK
r is uniformly

bounded. In practice, the conditions (7) are replaced (if uh is any
polynomial of degree r) by quadrature formulas (

H
stands for a

quadrature formula applied to
R

)

UK
r ¼ bK

r

I
@K

fhðuhÞ �~ndl
� �

; ð8aÞ

UC
r ¼ bC

r

I
@K

fhðuhÞ �~n� Fðuh;u�;~nÞdl
� �

;

�
ð8bÞ

It can be seen by using exactly the same arguments that the con-
straints on the quadrature formula are the following :

� In (8a), we must have
Please
residu
Z
@K

fhðuhÞ �~ndl ¼
I
@K

fhðuhÞ �~ndlþOðhrþdÞ: ð9aÞ
� In (8b), we must have for the integrated quantity
Z
@K

gðuhÞdl ¼
I
@K

gðuhÞdlþOðhkþd�1Þ ð9bÞ
In order to obtain these errors, there are two possible ways. Either
the quadrature formula is exact on the approximated flux fh(uh)
which basically means that f(uh) is a polynomial of degree k at least
since we need that f(u) � fh(uh) = O(hk+1), or the quadrature
formula is not exact but provides this error. In the paper, we have
followed the first method : in each element, the flux is recon-
structed by the Lagrange interpolation of the exact flux evaluated
at the degrees of freedom in the element. This is similar to a quad-
rature free approach.

An example of such scheme is given by the Rusanov scheme
rephrased in the RD context, namely

UK;Rus
r ¼ 1

NK
UK þ aKður � �uÞ ð10Þ

where NK is the number of degree of freedom in K; �u ¼ 1
NK

P
r2K ur

and aK is an upper bound to the maximum of the spectral radius
cite this article in press as: Abgrall R et al. Some examples of high order s
al distribution schemes. Comput Fluids (2011), doi:10.1016/j.compfluid.
of ruf �~n for unitary ~n. This scheme is monotone but very
dissipative.

2.1.1. Getting accuracy and monotonicity preservation
We briefly recall the method of Abgrall and Mezine [3]. All the

schemes we are aware of write

UK
r ¼

X
r02K

crr0 ður � ur0 Þ ð11Þ

It is well known that, in the scalar case, if all the crr0 are positive
and if there is uh that satisfies (5), then this solution satisfies a lo-
cal maximum principle. It is also known that a scheme that is
monotonicity preserving with constant coefficients crr0 cannot sat-
isfy (6). This is Godunov’s theorem. Thus the scheme must be
nonlinear.

There is a systematic way of constructing schemes that are both
monotonicity preserving and satisfy (6). We first look at the scalar
case. We first start from a monotone (first order scheme) which
residuals are UL

r ¼
P

r02K cL
rr0 ður � ur0 Þ. The coefficients crr0 are all

positive. Since there is no ambiguity, we drop the superscript K.
We assume that

X
r2K

UL
r ¼ UK ¼

Z
@K

f hðuhÞ �~ndl

where the integral is evaluated with the PkðKÞ interpolant uh. Then,
fUH

rg denote high order residuals, they also satisfy the same conser-
vation relation, and we let

UH
r ¼ br

Z
@K

f hðuhÞ �~ndl: ð12Þ

Clearly
P

rbr ¼ 1 and this leads to introduce the parameters xr

defined by xr ¼ UH
r

UK for which, thanks to the conservation relation,
we also have

P
rxr ¼ 1. The next step is to write the formal identity

UH
r ¼

UH
r

UL
r
UL

r ¼
P

r0
UH

r
UL

r
cL
rr0 ður � ur0 Þ and we get a monotonicity pre-

serving constraint if for each r 2 K we have UH
r

UL
r

P 0 because then

cH
rr0 ¼

UH
r

UL
r

cL
rr0 P 0.

All this can be rephrased in term of the xrs and brs.

1. Conservation. We have
P

rbr ¼ 1 and
P

rxr ¼ 1.
2. Monotonicity preservation. For any r 2 K, xrbr P 0.

There are many solutions to that problem, one particularly sim-
ple one is an extension of the PSI ‘‘limiter’’ of Struijs [17], see [3] :

b‘ ¼
xþ‘P
‘0x
þ
‘0
: ð13Þ

There is no singularity in the formula since
P

‘0x
þ
‘0 ¼

P
‘0x‘0�P

‘0x
�
‘0 P

P
‘0x‘0 ¼ 1. Throughout the paper, we use (13).

In the case of the system (1), we need to adapt this procedure.
We follow the method of [2]: for any K,

1. We evaluate UL
r :¼ UR;Rus

r ,
2. We estimate the average state �u defined by a density, velocity,

speed of sound etc, where ‘‘average’’ means arithmetic average,
3. We choose a direction N

!
, typically the normalized averaged

velocity,
4. We evaluate the left and right eigenvectors of rufð�uÞ � N

!
,

5. Project the Rusanov’ residual (10) on the left eigenvectors.
These are scalar quantities on which we apply (13)

6. The high order residual is then reconstructed from the ‘‘limited’’
scalar projection thanks to right eigenvectors. We denote this
residual by UK;I

r ¼ bK
rU

K .
imulations parallel of inviscid flows on unstructured and hybrid meshes by
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Fig. 4. Pressure on the skin.
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Fig. 5. Comparison of the cp at 45%, 65% and 90% of the chord with experimental results.
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Fig. 6. Efficiency and speedup for the coarse, fine and medium meshes with 8, 16, 32, 64, 128 and 256 cores.

Fig. 7. Pressure and Mach isolines for the P2 scheme.
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Unfortunately, this is not enough because the system of Eqs. (2)
and (3) may have several solutions following a mechanism
analyzed in [3]. A cure, also proposed in this reference, is to add
to UK;I

r the term hK
R

K ruðfðuhÞ � rwrÞsðfðuhÞ � ruhÞ; so that the ac-
tual residual is

UK;II

r ¼ bK
rU

K þ hK

Z
K
ruðfðuhÞ � rwrÞsðfðuhÞ � ruhÞ: ð14Þ

In [5] we discus ways of simplifying the integral term in (14) and
we follow exactly the same procedure. Choices for s are discussed
in [2,5,3].

The implementation of boundary conditions is as follow. We
use a very crude approximation, namely for r 2 C � @X,

UC
r ¼ xrjcjðfhðuhðrÞÞ �~n� FðuhðrÞ;u�ðrÞ;~nÞ

where the weights are chosen such that x > 0 and the conservation
hold. For second order accuracy, x ¼ 1

2, for third order accuracy, we
have chosen in 2D x ¼ 1

6 ;
4
6 and 1

6 (Simpson’s formula). In 3D, similar
choices are done that ensure second order accuracy at the boundary
(the weights are 1/12 at the vertices and 1/4 at the mid edges,
remember that only tets are considered in this paper for 3D third
order).

2.1.2. Implicitation of the scheme
For each degree of freedom, one has to solve (5) which consti-

tutes a set of complex nonlinear equations. They are solved by an
iterative scheme. that write
Please cite this article in press as: Abgrall R et al. Some examples of high order s
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unþ1
r ¼ un

r �xr
X

K;r2K

UK
rðunþ1Þ:

An approximated linearization of the residuals UK
rðunþ1Þ is done and

we get

dun
r ¼ �xr

X
K;r2K

UK
r unþ1

h

� �

� �xr
X

K;r2K

UK
r un

h

� �
�xr

X
K;r2K

X
r02K

@UK
r

@ur0
� dur0

with dur0 :¼ unþ1
r0 � un

r0 for any r0. The Jacobians of the residual are
approximated by those of the Rusanov scheme, leading to

Id
xr
þ
X

K;r2K

@URus;K
r

@ur

 !
dur þ

X
j–r

X
K;r2K

@URus;K
r
@uj

 !
dUj

¼ �
X

K;r2K

ðUK
rÞ

II un
h

� �
: ð15Þ

The system (15) is solved by techniques such as Gauss-Seidel or
GMRES with ILU(0) preconditioning.
3. Scheme parallelization

The main idea used in a parallel computation is ‘‘divide and
conquer’’. If we have n processors then we will split our compu-
tational domain into n sub-domains by mesh partitioning. To be
efficient the partitions have to correctly balance the
imulations parallel of inviscid flows on unstructured and hybrid meshes by
2011.05.014
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Fig. 8. Third order scheme on tet mesh: Comparison of the cp at 44%, 65% and 90% of the chord with experimental results.
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computational cost, i.e. each domain should contains the same
number of unknowns.

After the partitioning step we know which processor will com-
pute which unknown (see Fig. 1). Unfortunately, the dependency
domain of some unknowns is not complete, the missing unknowns
are calculated by an other processor. To solve this problem we have
to build the ‘‘overlaps’’ by adding the missing unknowns to the do-
main. These unknowns are not evaluated by the current processor,
they receive the missing information from the processor ‘‘owning’’
the unknowns (see Fig. 1a and b). There are two cases to consider:
P1/Q1 approximation (second order scheme) and P2 approxima-
tion (third order). The Q2 case is still under implementation. In this
case, there is one interior degree of freedom that complicates a bit
the implementation of the communication scheme. It is essential,
since the evaluation of the sub residuals associated to an element
K is done using only values associated to that element, not to break
this structure in the mesh partitioning.
3.1. Communication scheme for P1/Q1 scheme

Lets T h be a triangulation, N be the nodes and E 2 (N,N) be the
edges of the triangulation. Let us note P the partition, P(i) with
i 2 N, contains the number of the processor computing the
unknown i. The partitioning is done using the mesh partionner
scotch [12,11]. In the second order scheme, the unknowns are
located at the mesh nodes. The dependency domain DP1 is com-
posed of the first neighbors, i.e. the nodes the unknown shares
Please cite this article in press as: Abgrall R et al. Some examples of high order s
residual distribution schemes. Comput Fluids (2011), doi:10.1016/j.compfluid.
an edge with: DP1(i) = {j 2 N/(i,j) 2 E} fori 2 N.The construction of
the overlap is described by the Algorithm 1, see also Fig. 1.

Algorithm 1. Overlap creation algorithm

for e = (i,j) 2 E do
if P(i) – P(j) then

add i to the overlap of processor P(j)
add j to the overlap of processor P(i)

end if
end for
3.2. Communication scheme for P2 scheme

In the P2 case, the unknowns are located at the mesh nodes and
in the middle of the edges. Let us denote V(i) the neighboring
elements of node i (V(e) the neighboring elements of edge e). The
dependency domain DP2 is defined as by DP2(i) = {j 2 N/ (i,j) 2 E} [
{e 2 E/e 2 V(i)}for i 2 N and DP2(e) = {i 2 N/i 2 V(e)} [ {e0 2 E/ e0 2
V(e)}for e 2 E.

For the P2 scheme, we keep the P1/Q1 partition, the difference
with the P1/Q1 communication scheme is in the overlap definition.
At this point, the partition P is defined for the unknowns located at
the nodes, we have to find a way to uniquely define the partition
for the unknowns located at the edges. To do so we use Algorithm
2, see also Fig. 2.
imulations parallel of inviscid flows on unstructured and hybrid meshes by
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Algorithm 2. Modifying P2 partition

for e = (i,j) 2 E do
if P(i) – P(j) then

P(e) min(P(i),P(j))
else

P(e) P(i)
end if

end for
Algorithm 3. P2 Overlap creation algorithm

for every element t 2 T do
for every edge e = (i,j) of t do

if P(i) – P(j) then
add i to the overlap of processor P(j)
add j to the overlap of processor P(i)

end if
for every node k of t do

if P(e) – P(k) then
add e to the overlap of processor P(k)
add k to the overlap of processor P(e)

end if
end for

end for
end for

The construction of the P2 overlap is described by the Algorithm
3. This partition is not optimal: we have balanced the number of
nodes of the mesh, which is not the number of unknowns. A more
efficient way of proceeding could be to consider the graph of the
third accurate scheme, to partition this graph while keeping the
locality in the residual definition. This option, more complex, is
available in scotch.
4. Numerical results

4.1. Supersonic flow

In that case we use the third order version of the scheme on a
mesh using only tetrahedrons. The mesh has been provided by
Alauzet (Gamma3 team, INRIA). We do not have the exact shape
of the aircraft, hence the degrees of freedom, whatever the tetrahe-
dron, are the mid-points of the edges: this means that we assume
that the boundary has a polygonal shape. The inflow mach number
is 2, with no incidence. The run is conducted with 128 domains.
The mesh has 202,875 vertices, 1,148,326 tets i.e. 1,580,933
degrees of freedom. The pressure isosurface are displayed on
Fig. 3. This example should mainly be seen as a test of the scheme
robustness.

4.2. Transonic M6 wing

4.2.1. Using hybrid meshes
Here we use a series of structured (i,j,k) meshes provided by

ONERA. The three meshes have: coarse grid I = 103, J = 41, K = 22,
medium grid I = 205, J = 81, K = 43, fine grid I = 409, J = 161,
K = 85. We use them with the following modifications. Instead of
seeing the grid as list of points

ðððxði;j;kÞ;yði;j;kÞ;zði;j;kÞ;i ¼ 1;ImaxÞ;J ¼ 1;JmaxÞ;k
¼ 1;kmaxÞ
Please cite this article in press as: Abgrall R et al. Some examples of high order s
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we construct the hexahedrons which corners are the points of indi-
ces (i, j,k), (i + 1, j,k), (i, j + 1,k), (i, j,k + 1), (i, j + 1,k + 1), (i + 1, j,k + 1),
(i + 1, j + 1,k), (i + 1, j + 1,k + 1) where 1 6 i, j, k 6 Imax,Jmax,Kmax, the
coordinates of the vertices are of course identical. This means that
the connectivity of the mesh is identical as the ones provided by
ONERA, as well as the physical location of the vertices, see Fig. 4.
The test case is the standard M6 wing test case (Mach number of
0.84, incidence h = 3.06�. The simulation is done with 64 domains
(coarse grid), then 128 domains (medium grid) and 256 (fine grid),
with an average of 20,000 points per domain in each case. The
experimental results shown on Fig. 5 can be found on http://
www.grc.nasa.gov/WWW/wind/valid/m6wing/m6wing.html. They
correspond to a Mach number of 0.8395, an angle of attack of
3.06� and a Reynolds number of 11.72 106 based on a mean aerody-
namic chord of 0.64607 m. Note however that the numerical results
are obtained from the Euler equations.

The Fig. 6 shows the speed up and efficiency results obtained for
500 iterations with Jacobi iterations in the implicit phase. The
cluster is composed of 10 nodes. Each nodes has a 2 Quad-core
Nehalem Intel Xeon X5570, with a 2.93 GHz CPU, 8 Mo of Cache
L3 and 24 Go of RAM. The network is a 40 Gb/s one. It was not
possible to run the code on 1 node for the fine mesh, but the code
is far from being optimized (both in CPU and memory efficiency).
This why there is no result for 8 cores/fine mesh. The results shown
on Fig. 6 is quite good.

4.2.2. Third order results on a tet mesh
We redo the same test case. In each tetrahedron, we add the

missing degrees of freedom for having a quadratic interpolation.
Nothing special is done on the airfoil. The Fig. 7 presents the pres-
sure on the wing and the Mach number isolines. It also shows the
mesh. The Fig. 8 shows the pressure coefficient compared to the
same experimental results. The results and the experimental data
are in good agreement.

5. Conclusions

We have shown that it is possible to design effective second and
higher order schemes with tets and hex elements. In particular
structured block meshes can be used without any modification.
Currently, we are extending these techniques in three directions
: (i) Navier Stokes and turbulent flows, (ii) enlarge the type of ele-
ments that can be used with these techniques and (iii) increase the
efficiency.
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