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A continuous adjoint formulation is used to determine optimal airfoil shapes in unsteady viscous flows at
Re=1×104. The Reynolds number is based on the free-stream speed and the chord length of the airfoil. A
finite element method based on streamline-upwind Petrov/Galerkin (SUPG) and pressure-stabilized Petrov/
Galerkin (PSPG) stabilizations is used to solve both the flow and adjoint equations. The airfoil is
parametrized via a Non-Uniform Rational B-Splines (NURBS) curve. Three different objective functions are
used to obtain optimal shapes: maximize lift, minimize drag and minimize ratio of drag to lift. The objective
functions are formulated on the basis of time-averaged aerodynamic coefficients. The three objective
functions result in diverse airfoil geometries. The resulting airfoils are thin, with the largest thickness to
chord ratio being only 5.4%. The shapes obtained are further investigated for their aerodynamic performance.
Maximization of time-averaged lift leads to an airfoil that produces more than six times more lift compared
to the NACA 0012 airfoil. The excess lift is a consequence of the large peak and extended region of high
suction on the upper surface and high pressure on the lower surface. Minimization of drag results in an airfoil
with a sharp leading edge. The flow remains attached for close to 70% of the chord length. Minimization of
the ratio of drag to lift results in an airfoil with a shallow dimple on the upper surface. It leads to a fairly large
value of the time-averaged ratio of lift to drag (∼17.8). The high value is mostly achieved by a 447% increase
in lift and 16% reduction in drag, compared to a NACA 0012 airfoil. Imposition of volume constraint, for the
cases studied, is found to result in airfoils that have lower aerodynamic performance.
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1. Introduction

Airfoils operating at low Reynolds number (Reb5×105) are
gaining increasing significance due to their utilization in a variety of
applications such as micro-aerial vehicles (MAV), unmanned aerial
vehicles (UAV), small wind turbines and high altitude remotely
piloted vehicles (RPV) [1–4]. With the recent advances in manufac-
turing technology, the size of MAVs has shrunk. Airfoils are expected
to have low drag and high lift to drag ratio. Conventional airfoils
designed for high Reynolds numbers have been found to have a non-
optimal performance at low Re. At low Re, viscous effects are relatively
large leading to large drag and low lift to drag ratios.

Carmichael [5] suggested a critical Re of 5×104 for the flow to
reattach after separation. The Re is based on the characteristic length,
defined as the distance from the points of separation and reattach-
ment. Airfoils operating below this Re do not achieve reattachment
after laminar separation. The laminar boundary layer lacks momen-
tum to overcome the adverse pressure gradient and, therefore,
separates. Beyond Re=5×104, the laminar boundary layer, on
separation, rapidly undergoes transition to a turbulent state. This
flow may then reattach as a turbulent boundary layer leading to a
region of enclosed recirculation called the laminar separation bubble.

Sunada et al. [6] experimentally measured the aerodynamic
characteristics of fifteen airfoils at Re=4×103. The airfoils included
several fromtheNACA fourdigit serieswithzero camber,flatplateswith
different thickness to chord ratios, thin plates with varied camber and a
corrugated airfoil. Theyobserved that at lowerRe, the airfoilswithbetter
aerodynamic characteristics have to be thinner than those at higher Re
and should also have a sharp leading edge. A thin plate with 5% camber,
with itsmaximumoccurring near themid-chord section, yields the best
performance. Null and Shkarayev [7] studied the effect of camber on a
S5010-TOP24C-REF thin plate airfoil for 5×104≤Re≤1×105. An airfoil
at Re=7.5×104 with 3% camber yields a Clmax

of 1.4 at α=35°. The
maximum lift drag ratio of 6.5 is obtained atα=5°. They observed that a
3% camber airfoil is an optimal choice because of its larger lift to drag
ratio and milder pitching moment close to stall.

Schmitz [8],while choosinganairfoil for amodel airplane, carriedout
a detailed comparison of the performance of a flat plate, a 6% cambered
thin plate, G625, N60 and N60R airfoils for 4.2×104≤Re≤4.2×105. He
observed that for a good performance, the lower the Reynolds number,
the thinner must the profile of the airfoil be and the sharper its leading
edge. Amongst the shapes thatwere considered, the cambered plate has
the best aerodynamic characteristics. Its thickness to chord ratio is 2.9%
with the maximum camber occurring at 40% of the chord from the
leading edge. Themaximum lift coefficient of this airfoil is Clmax

=1.06 at
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α=8°. Compared to the Clmax
produced by flat plate and the G625 airfoil,

this number is higher by 100–150%. The lift to drag ratio for this value
of Clmax

is 26. It was observed that for Reb1×105 the 6% cambered thin
plate has the best performance because of (1) favourable pressure
gradient at the leading edge, (2) large camber on the lower surface and
(3) relatively forward position of the point of the maximum camber.
Pelletier and Mueller [9] also investigated the aerodynamic character-
istics for flat plates of different thickness and thin plates of a different
camber for 6×104≤Re≤2×105. A 4% cambered plate is seen to deliver
the best performance. They observed that the trailing edge geometry
does not affect the performance of the airfoils that were considered.
Also, hysteresis, which is usually observed with thick airfoils, is not
observed in the case of thin airfoil geometries. Kunz [10] numerically
compared several 2% thick NACA four digit series airfoils. The flow field
was assumed to be steady. He found that at Re=1.2×104, positioning
the point of the maximum camber around 70% of the chord, and
increasing the maximum camber leads to an increase in lift. An airfoil
with 4% camber andwith itsmaximumoccurring at 70% chord produces
a lift to drag ratio of 15.7. Table 1 lists the key details of the studies that
have been summarized above. The listings in the table are restricted to
the efforts for 4×103≤Re≤6×104. The table shows the maximum
value of the lift to drag ratio, and the conditions therein, for the various
studies.

The wings of small insects, operating at Reb104 do not have
smooth airfoil sections. Rather, they are seen to have surfaces with
discontinuities or pleats. Vargas,Mittal and Dong [11] studied the flow
over a dragonfly wing and compared its performance with that of a
smooth airfoil. They observed that the performance of the pleated
airfoil is marginally better than that of a smooth one. The formation of
recirculation zones within the pleats leads to a negative shear drag.
They suggested that pleated airfoils can be good contenders for use in
MAVs.

Optimization methods have found increased use in the design of
aerodynamic components. A function which is a measure of the
aerodynamic performance is identified and minimized. The optimi-
zation methods can be broadly classified on the basis of the utilization
of the gradient in finding the optimal search direction. Non-gradient
based methods do not use gradient information but only the values of
the objective function. Simplex [12], simulated annealing [13] and
genetic algorithms [14] are a few suchmethods that have been used in
the design of airfoils. Gradient based methods use both the objective
function and the gradient information to obtain an optimum. Complex
Taylor series expansion approach [15], automatic differentiation
methods [16], direct differentiation methods [17] and adjoint based
methods [18,19] are a few that can be used to compute the gradient.
Of particular interest are adjoint basedmethods. In these methods the
cost of computing the gradient is independent of the number of
design parameters. Adjoint based methods have found applications in
diverse areas such as aerospace [20–23], marine [24] and bio-medical
engineering [25]. Thesemethods attempt to seek a local optimum. The
possibility of the local optimum being the global optimumdepends on
the choice of initial guess used in the optimization process.

Adjoint based methods have been widely used for design in the
steady flow regime. Only recently have these methods been employed
in optimization in unsteady flows. Okumura and Kawahara [26] applied
Table 1
Compilation of results of other authors who carried out analysis in the Re range of 4×103 t

Researcher Re (Cl/Cd)max α at (Cl/Cd)max Cl at (Cl/Cd)max Geometry

Airfoil

Sunada (1997) 4×103 8.6 5° 0.75 Circular ar
Null et al. (2005) 5×104 4.25 5° 0.2 3% camber
Schmitz (1967) 4.2×104 26 8° 1.06 Curved pla
Pelletier et al. (2000) 6×104 17 12° 1.1 Plate with
Kunz (2003) 1.2×104 15.7 6° 0.65 NACA 470
the adjoint method to reduce the force on the circular cylinder in a
Re=200 flow. A streamlined shape was achieved as a consequence of
the drag reduction.Mani andMavriplis [27] used the adjointmethod for
shape optimization of a pitching airfoil in an inviscid flow. They used an
Arbitrary Lagrangian–Eularian (ALE) formulationwith deformingmesh.
Convergencewas achieved only when the number of design variables is
kept small. This problemwas attributed to the complexity of the design
space and the inability of theoptimizer tonavigate through it.Nadarajah
andTatossian [28],while solving theequations in the frequencydomain,
minimized the drag of a helicopter rotor blade while maintaining a
constant lift. Srinath and Mittal [29] studied the effect of the extent of
time integration on the optimization process while optimizing airfoil
shapes atRe=1000. Itwasnoticed that,when computed for insufficient
times, the gradients are likely to be erroneous. Unusual shapes, having
high aerodynamic performances, were obtained. Inclusion of a
constraint on the volume is found to limit the range of optimal shapes
that can be obtained. Much attention, in the past, has been focussed on
the design of airfoils at a single operating point. While this approach
leads to airfoils with a better performance, the behavior at off-design
conditions is generally poor. One possible way to alleviate this problem
is to include off-design conditions in the design process. Several
methods have been proposed. A few examples are the weighted
multi-point approach [30–32], the profile optimization approach [33]
and the probabilistic approach [34].

The objective of the present work is to apply the adjoint method
for the determination of optimal airfoils at Re=1×104 and α=4°.
The associated flow is unsteady. Therefore, the objective functions are
based on time-averaged aerodynamic coefficients. Three different
objective functions are considered: maximize lift coefficient, mini-
mize drag coefficient and minimize ratio of drag to lift. The shapes
obtained from the optimization process are analyzed to understand
theway they improve the aerodynamic performance in comparison to
conventional geometries. A finite element method based on stream-
line-upwind Petrov/Galerkin (SUPG) and pressure-stabilized Petrov–
Galerkin (PSPG) stabilization techniques [35] is employed to solve,
both, the flow and adjoint equations. The geometry of the airfoil is
modelled by a 4th NURBS curve [36] with 13 control points. The
Limited memory-Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) algo-
rithm [37] is used to minimize the objective function.

2. Governing equations

Let Ω⊂Rnsd and (0, T) be the spatial and temporal domains,
respectively, where nsd is the number of space dimensions. Let Γ
represent the boundary ofΩ. The spatial and temporal coordinates are
denoted by x and t. The Navier–Stokes equations governing
incompressible flow are

ρ
∂u
∂t + u⋅∇u

� �
−∇:σ = 0 onΩ × 0;Tð Þ ð1Þ

∇⋅u = 0 onΩ × 0;Tð Þ ð2Þ

Here ρ, u and σ are the density, velocity and stress tensor,
respectively. For a Newtonian fluid the stress tensor is given as σ=
o 6×104. AR denotes the ratio of the span to the chord of a wing.

Planform

c airfoil with 5% camber Rectangular planform with AR=6.75
ed S5010-TOP24C-REF plate airfoil Circular planform with squared off leading edge
te with 3% camber Rectangular planform with AR=5
4% camber Rectangular with AR=1.5
2 airfoil 2D, numerical study
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−pI+μ[∇u+(∇u)T] where, p is the pressure and I is the identity
tensor. The boundary conditions are either on the flow velocity or
stress. Both, Dirichlet and Neumann type boundary conditions are
considered in the following form:

u = g onΓg ð3Þ

n⋅σ = h onΓh ð4Þ

where, n is the unit normal vector on the boundary Γ. Here, Γg and Γh
are the subsets of the boundary Γ. More details on the boundary
conditions are given in Fig. 1. ΓU, ΓD and ΓS represent the upstream,
downstream and lateral boundaries, respectively. The surface of the
body is represented by ΓB.

The initial condition on the velocity is specified as:

u x;0ð Þ = u0 onΩ ð5Þ

where u0 is divergence free.
The drag and lift force coefficients, (Cd, Cl), on the body are

calculated using the following expression:

Cd;Clð Þ = 2
ρU2S

∫
ΓB
σndΓ ð6Þ

The time-averaged coefficients are calculated as follows:

�
Cd =

1
T
∫t0+T
t0

Cd tð Þdt ð7Þ

�
Cl =

1
T
∫t0+T
t0

Cl tð Þdt ð8Þ

The time-averaging begins at t= t0 to leave out the transient effect
of the initial condition on the fully developed unsteady flow.

3. The adjoint approach

3.1. The augmented objective function

Let ΓB be the segment of the boundary whose shape is to be
determined. Let β=(β1, …, βm) be the set of shape parameters that
determine ΓB. The optimization problem involves finding the shape
parameters thatminimize (ormaximize) theobjective function, Ic(U,β).

TheflowEqs. (1) and (2) are treated as constraint conditions on the
objective function. An augmented objective function is constructed to
convert the constrained problem to an unconstrained one. The flow
Fig. 1. Schematic of the problem set-up: boundary conditions. ΓU, ΓD and ΓS are the ups
equations are augmented to the objective function by introducing a set
of Lagrange multipliers or adjoint variables Ψ=(ψu, ψp).

I = Ic−∫T
0∫Ωψp∇⋅udΩdt + ∫T

0∫Ωψu⋅ ρ
∂u
∂t + u⋅∇u

� �
−∇⋅σ

� �
dΩdt

ð9Þ

The augmented objective function (Eq. (9)) degenerates to the
original one if the flow variables, U=(u, p), exactly satisfy Eqs. (1) and
(2). The variables ψu and ψp are referred to as the adjoint velocity and
adjoint pressure, respectively. The first variation of the augmented
objective function is given by:

δI =
∂I
∂U δU +

∂I
∂βδβ +

∂I
∂ΨδΨ ð10Þ

The optimal solution is achieved when the variation of the
augmented objective function vanishes, i.e., δI=0. This requires that
the variation of Iwith respect to the flowvariablesU, design parameters
β and theadjoint variablesΨ should go to zero, independently. Variation
of I with respect to U is given by:

∂I
∂U =

∂Ic
∂U− ∂

∂U ∫T
0∫Ωψp∇⋅udΩdt

+
∂
∂U ∫T

0∫Ωψu⋅ ρ
∂u
∂t + u⋅∇u

� �
−∇⋅σ

� �
dΩdt ð11Þ

The above relation, when set to zero, leads to a set of equations and
boundary conditions that are used to evaluate the adjoint variables.
This will be described in more detail in the following sub-section.
Variation of I with respect to Ψ gives back the flow Eqs. (1) and (2).
The gradient, ∂I

∂β, is utilized to find the optimal shape parameters. It
quantifies the sensitivity of the objective function to the design
parameters. It is used by the optimizer to refine the search direction.
The vanishing of the gradient reflects the attainment of optimal shape.
The gradient is evaluated using the following expression:

∂I
∂β =

∂Ic
∂β− ∂

∂β∫T
0∫Ωψp∇⋅udΩdt

+
∂
∂β∫T

0∫Ωψu⋅ ρ
∂u
∂t + u⋅∇u

� �
−∇⋅σ

� �
dΩdt

ð12Þ
tream, downstream and lateral boundaries, respectively and ΓB is the body surface.
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3.2. The adjoint equations and related boundary and terminal conditions

The equations and boundary conditions for the adjoint variables
are obtained by setting the variation of I with respect to the flow
variables U, given in Eq. (11), to zero. The equations governing the
adjoint variables are:

ρ −∂ψu

∂t + ∇uð ÞTψu−ðu⋅∇Þψu

� �
−∇⋅σψ = 0onΩ × 0;Tð Þ ð13Þ

∇⋅ψu = 0onΩ × 0;Tð Þ ð14Þ

where, σψ is similar to the stress tensor and is given by σψ=−ψpI+
μ [∇ψu+(∇ψu)T].

The boundary conditions on the adjoint variables are:

ψu = 0onΓU ð15Þ

s = 0onΓD ð16Þ

s1 = 0; ψu2 = 0onΓS ð17Þ

−∫T
0∫ΓBδ σ⋅n

� �
⋅ψudΓdt +

∂Ic
∂u δu +

∂Ic
∂p δp = 0onΓB ð18Þ

where, s={uψu− Iψp+ν[∇ψu+(∇ψu)T]}·n. The terminal condition
on the adjoint velocity is given by:

ψu u;Tð Þ = 0onΩ ð19Þ

The adjoint Eqs. (13) and (14) are a set of coupled linear partial
differential equations. Unlike the flow Eqs. (1) and (2), the equations
for the adjoint variables are posed backward in time. In the present
work, the adjoint variables are computed once the time integration of
the flow equations has been carried out. All the results are stored for
use in evaluating the gradient.

4. Finite element formulation

4.1. Flow equations

The domainΩ is discretized into elementsΩe, e=1,2,…,nel, where nel
is the number of elements. Let Suh and Sp

h be the appropriate finite element
spaces and Vu

h and Vp
h the weighing function spaces for velocity and

pressure, respectively. The stabilizedfinite element formulationof Eqs. (1)
and (2) is written as follows: find uhaSu

h and phaSp
h such that ∀whaVu

h,
qhaVp

h,

∫Ωw
h
⋅ρ

∂uh

∂t + uh
⋅∇uh

 !
dΩ + ∫Ωa wh : σ ph;uh

� �� �
dΩ

+ ∫Ωq
h∇⋅u

hdΩ + ∑
nel

e=1
∫Ωe

1
ρ

τSUPGρu
h
⋅∇wh + τPSPG∇qh

� �
⋅

ρ
∂uh

∂t + u⋅∇u

 !
−∇⋅σ

" #
dΩe

+ ∑
nel

e=1
∫ΩeτLSIC∇⋅w

hρ∇⋅u
hdΩe = ∫Γhw

h
⋅h

hdΓ:

ð20Þ
Fig. 2. Representation of NACA 0012 airfoil with a NURBS curve with 13 control points. Poin
are used as design variables. The broken line shows the resulting curve.
The first three terms and the right-hand side in the variational
formulation given by Eq. (20) constitute the Galerkin formulation of
the problem. The terms involving the element level integrals are the
stabilization terms added to the basic Galerkin formulation to
enhance its numerical stability. These terms stabilize the computa-
tions against node-to-node oscillations in advection dominated flows
and allow the use of equal-in-order basis functions for velocity and
pressure. The terms with coefficients τSUPG and τPSPG are based on the
SUPG (streamline-upwind/Petrov–Galerkin) and PSPG (pressure-
stabilized/Petrov–Galerkin) stabilizations. For the definition of these
coefficients the interested reader is referred to the article by Tezduyar
et al. [35]. The term with coefficient τLSIC is a stabilization term based
on the least squares of the incompressibility constraint. Equal-in-
order basis functions for velocity and pressure are used. A three point
quadrature is employed for numerical integration. Marching in time is
done via the generalized trapezoidal rule (Crank–Nicholson method).

4.2. Adjoint equations

A stabilized SUPG/PSPG finite elementmethod is proposed to solve
the adjoint Eqs. (13) and (14). Let Sψuh and Sψp

h be the appropriate finite
element spaces and Vψu

h and Vψp
h the corresponding weighting

function spaces for the adjoint velocity and adjoint pressure. The
stabilized finite element formulation of Eqs. (13) and (14) is written
as follows: given uh and ph satisfying Eqs. (1) and (2), find ψu

h Sψu
h and

ψp
h Sψp

h such that ∀wψu
h Vψu

h , qψph Vψp
h ,

∫Ωw
h
ψu ⋅ρ −∂ψh

u

∂t + ∇uh
� �T

ψh
u−u⋅∇ψu

 !
dΩ

+ ∫Ωa wh
ψu

� �
: σψ ψh

p;ψ
h
u

� �
dΩ + ∫Ωq

h
ψp
∇⋅ψ

h
udΩ

+ ∑
nel

e=1
∫Ωe

1
ρ

τSUPG ρ ∇uh
� �T

wh
ψu
−ρuh

⋅∇wh
ψu

� �
+ τPSPG∇qhψp

� �
⋅

ρ −∂ψh
u

∂t + ∇uh
� �T

ψh
u−u⋅∇ψu

 !
−∇⋅σψ ψh

p;ψ
h
u

� �" #
dΩe

+ ∑
nel

e=1
∫ΩeτLSIC∇⋅w

h
ψu
ρ∇⋅ψ

h
udΩ

e = 0

ð21Þ

The stabilization coefficients τSUPG, τPSPG and τLSIC in the
formulation proposed in Eq. (21) are computed based on the flow
variables (u, p). For solving the adjoint equations, the flow solution is
required at every time step. In the present work the flow solution is
written to disk after every time step. After the time integration of flow
equations has been carried out the adjoint solver reads the flow
solution from the disk. The time spent in the input/output operations
is found to be negligible compared to the overall solution time. This
approach is expected to be very demanding on storage when
extended to three-dimensions. It is also possible to use proper
orthogonal decomposition (POD) to reduce storage. The POD may be
used to construct a basis for the unsteady flow. The storage of the basis
is expected to be significantly cheaper than the storage of the entire
unsteady flow data. Such an approach has been used in the context of
ts 1, 7 and 13 are held fixed while the y-coordinates of the remaining ten control points



Fig. 3. Close up view of the finite element mesh for the NACA 0012 airfoil at 0° angle of attack. The mesh consists of 46,730 nodes and 93,156 triangular elements with 200 nodes on
the airfoil surface.

Fig. 4. Maximization of
�
Cl at Re=1×104 and α=4°: optimal and initial shapes.
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optimal control of vortex shedding [38,39] and control of flow
separation over a forward facing step [40].

5. Parametrization

A 4th order NURBS (Non-Uniform Rational Bi-cubic Spline) curve
is utilized to parametrize the airfoil surface. Based on the recommen-
dations of Lepine et al. [41] only 13 control points are used. Fig. 2
shows the representation of a NACA 0012 airfoil at 0° angle of attack
obtained from a NURBS parametrization. The corresponding control
Fig. 5. Maximization of
�
Cl at Re=1×104 and α=4°: iteration history of (a)

�
Cl and (b)

�
Cd .
polygon along with the control points is also shown. The first and the
last control points overlap to ensure a closed geometry. The control
points at the leading edge and trailing edge are held fixed to preserve
the chord length and angle of attack. The y-coordinates of the
remaining ten control points are used as the design parameters.

6. The optimizer

The optimization algorithm used in the present work is the L-BFGS
(Limited memory-Broyden–Fletcher–Goldfarb–Shanno) procedure
A few intermediate shapes obtained during the optimization process are also shown.



Fig. 6. Maximization of time-averaged lift coefficient at Re=1×104, α=4°: time history of lift coefficient of optimal and NACA 0012 airfoils. The control window is also shown.

Fig. 7. Maximization of time-averaged lift coefficient at Re=1×104, α=4°: time history of drag coefficient of (a) NACA 0012 and (b) optimal airfoils.

Fig. 8. Airfoil design for maximum time-averaged lift coefficient at Re=1×104, α=4°: time-averaged streamlines over NACA 0012 and optimal airfoils. The location of the point of
flow separation, ‘s’, is also shown.

1981D.N. Srinath, S. Mittal / Computer Methods in Applied Mechanics and Engineering 199 (2010) 1976–1991
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[37]. This is a limited memory quasi-Newton method for solving large
nonlinear optimization problems that are constrained by upper and
lower bounds on the design variables. The algorithm is well suited for
problems when the information for the second derivative (the
Hessian) is difficult to obtain.

7. Implementation of the optimization procedure

A brief description of the sequence of steps in implementing the
optimization procedure is presented. An objective function, Ic, which
quantifies the desired properties is identified. The surface which is to
be optimized is then parametrized by a suitable set of design
parameters, β. An initial shape is assumed and a finite element
mesh is generated for this shape. Next, the flow variables u and p are
computed via Eq. (20). Using the flow variables, the adjoint variables
Fig. 9. Airfoil design for maximum time-averaged lift coefficient at Re=1×104, α=4°: strea
cycle of time variation of Cl. The time instants at which the flow is shown are marked on th
ψu and ψp are determined by solving Eq. (21). The entire data for the
flow and the adjoint variables are stored on disk. Next, the gradient is
evaluated using Eq. (12). The objective function and the gradient
information are passed to the optimization algorithm to obtain an
update on the design parameters. The finite element mesh is modified
to accommodate the new shape. A mesh moving scheme is used to
achieve this. The entire procedure is repeated till a convergence
criterion, either on the gradient or objective function, is satisfied.

8. Results

Optimization is carried out to determine an airfoil shape with the
best aerodynamic performance. The Reynolds number, based on the
chord of the airfoil, is 1×104 for all the computations. The angle of
attack is 4°. The flow is unsteady in this situation. Therefore, the
m function and vorticity field for the optimal shape at various time instants during one
e time histories of the lift and drag coefficients in the bottom row.



Fig. 10. Airfoil design for maximum time-averaged lift coefficient at Re=1×104, α=4°: Cp distribution at various time instants of the shedding cycle for the optimal shape.
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objective function is based on time-averaged aerodynamic coeffi-
cients. Three objective functions are chosen: (a) maximization of

�
Cl ,

(b) minimization of
�
Cd and (c) minimization of

�
Cd =

�
Cl . For all the

computations in the present work, NACA 0012 airfoil is used as the
initial guess. A close up view of the finite element mesh used for the
computation is shown in Fig. 3. Themesh consists of 46,730 nodes and
93,156 triangular elements with 200 nodes on the airfoil surface. A
structured mesh is employed near the airfoil surface and in the near
wake to resolve the flow structures adequately. The remaining
domain is filled with an unstructured mesh obtained via Delaunay
triangulation. A mesh moving scheme [42] is utilized to relocate the
nodes of the mesh to accommodate the modified airfoil geometry.

8.1. Maximization of time-averaged lift

The objective is to determine an airfoil shape that has the largest
time-averaged lift coefficient. The objective function is given by
Ic = −1

2

P
C
2
l . The shape obtained at the end of the optimization cycle is

shown along with the initial shape in Fig. 4. The optimal shape has a
thickness to chord ratio of 5.4%. The iteration history of

�
Cl and

�
Cd is

shown in Fig. 5. The optimal airfoil has a time-averaged lift coefficient
of 1.02 as compared to 0.14 for the NACA 0012 airfoil. 28 design
iterations are required for the optimizer to converge. Also shown are a
few intermediate shapes obtained during the design cycle. The time
histories of Cl for the optimal and NACA 0012 airfoil are shown in
Fig. 6. Flow over the optimal airfoil is associated with larger
unsteadiness as can be seen from the larger magnitude of oscillation
of the lift coefficient. The control window for which the adjoint and
gradients are computed is also shown. It extends for 30 time units. For
an accurate computation of the gradients, the control window should
extend over several shedding cycles. More details regarding choosing
Fig. 11. Airfoil design for maximum time-averaged lift coefficient at Re=1×104, α=4°:
P
u′v

0012 (left) and optimal airfoil (right).
the extent of the control window can be found in the work by Srinath
and Mittal [29]. The optimal shape is associated with, approximately,
50% more time-averaged drag as compared to the NACA 0012 airfoil.
This is not surprising since the objective function is based solely on
the lift coefficient and is, therefore, unaffected by the drag. The time
histories of the drag coefficient for the NACA 0012 and optimal airfoils
are shown in Fig. 7.

The Cp distribution of the time-averaged flow of both the optimal
and NACA 0012 airfoil is shown in Fig. 8. The value of the peak suction
on the upper surface of the optimal airfoil is much larger than that on
the NACA 0012 airfoil. The pressure on the lower surface is also higher
for the optimal airfoil. This leads to the increased time-averaged lift
generated by the optimal airfoil. The figure also shows the time-
averaged streamlines for the NACA 0012 and the optimal airfoils. Flow
past the NACA 0012 airfoil separates at, approximately, 40% of the
chord. It separates at 20% of the chord for the optimal airfoil. The
stream function and the vorticity fields for the optimal shape at
various time instants during one cycle of time variation of Cl are
shown in Fig. 9. The frequency of vortex shedding is smaller than that
for the NACA 0012 airfoil. The Cp distribution on the optimal airfoil at
time instants corresponding to those shown in Fig. 9 is shown in
Fig. 10. The time evolution of the vortices on the upper surface of the
optimal airfoil can be clearly seen in Fig. 9. Vortices, whose cores are at
located at x∼0.5c, are shed periodically. This is seen in Fig. 9 as well as
from the suction peaks in Fig. 10. The first peak in the suction occurs
near the leading edge of the airfoil. The later peaks are related to the
presence of vortex structures. The vortex, after it is shed, becomes
stronger and moves downstream. The increase in strength can also be
noticed from the increase in peak suction at the core of the vortex. It
starts becoming weaker once it reaches x∼0.75c and leaves the airfoil
as shown in the last frame of Fig. 9 and from the Cp distribution shown
′ component of correlations of the perturbations with respect to the mean flow for NACA
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in Fig. 10. While the vortex convects, a new one forms on the airfoil at
x∼0.5c. Therefore, at almost all time instants, there are two vortices
on the surface of the airfoil. During the period, such as at ‘e’, when
there is only one vortex, on the surface of the airfoil, there is only one
local peak in the suction on the airfoil surface. This leads to lower than
the time-averaged lift experienced by the airfoil. As compared to the
NACA 0012 airfoil, the flow over the optimal airfoil is associated with
large unsteadiness. The

�
u′v′ component of the correlations of the

velocity fluctuations, with respect to the mean flow, is shown in
Fig. 11. Large magnitude of�u′v′ on the upper surface confirms the
increased unsteadiness in the flow over the optimal airfoil. It is this
Fig. 12. Airfoil design for maximum time-averaged lift coefficient with volume constraint at
Cl, (d) Cd and (e) optimal and initial shapes. Optimal-1 refers to the shape obtained using th
while Optimal-2 refers to that from the NACA 0012 airfoil.
vortical activity that is responsible for the higher time-averaged
suction on the airfoil surface and, consequently, larger lift.

8.1.1. Maximization of time-averaged lift with volume constraint
We now investigate the effect of imposing a volume constraint on

the aerodynamic performance of the optimal airfoil. An inverse con-
straint on thevolumeof theairfoil is included in theobjective function; the
modified objective function is given as: Ic =−1

2

P
C
2
l + γ1

2
V−V0ð Þ2. The

weight, γ, is appropriately chosen to ensure that both the terms in the
objective function contribute, approximately, equally. If γ is too small,
the term related to the volume might get overwhelmed by the term
Re=1×104, α=4°: (a) iteration history of
P
Cl , (b) volume enclosed, (c) time history of

e shape obtained from lift maximization without volume constraint as the initial guess,



Fig. 13. Airfoil design for maximum time-averaged lift coefficient with volume constraint at Re=1×104, α=4°:
P
Cp distribution.

Fig. 14. Minimization of
P
Cd at Re=1×104 and α=4°: optimal and initial shapes.
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involving
P
Cl . On the other hand, if it is too large, the volume constraint

might get satisfied well but only at the expense of aerodynamic
performance. This has been addressed in earlier articles in the context
of steady [43] and unsteady flows [29]. In this work, results are presented
for γ=1000 and V0=0.1. The NACA 0012 airfoil, of the unit chord, has a
volumeof 0.08.We recall that thepresent optimizationmethodfinds local
optima. Two sets of computations have been carried out. In the first, the
NACA0012 airfoil is used as the initial guess. These computations result in
an airfoil with rather low

�
Cl (=0.435, as opposed to 1.02 for an airfoil

without volume constraint). In the second set of computations, the
optimal shape obtained from the lift maximization without volume
constraint is used as the initial guess. The volumeof the airfoil used for the
Fig. 15. Minimization of
P
Cd at Re=1×104 and α=4°: iteration history of (a)

P
Cd and (b)

P
C

initial guess is0.025. The iterationhistoriesof
P
Cl and theenclosedvolume

are shown in Fig. 12(a) and (b). The optimal airfoil, from this approach,
leads toa time-averaged lift coefficientof 0.65.Although this valueof

P
Cl is

higher than the onewithNACA0012 as an initial guess, a 35% reduction in
the aerodynamic performance is observed as an outcome of imposing the
volume constraint. The error in satisfaction of the volume is less than1%. A
few intermediate shapes obtained during the optimization process are
shown in Fig. 12(a). The time histories of the lift and drag coefficients for
the optimal shape are shown in Fig. 12(c) and (d). The optimal shapes
obtained from the two sets of computations are shown in Fig. 12(e). The
airfoil with, volume constraint, is associated with a bulbous leading edge
andbulges/bumpson theupperand lower surfaces at, approximately, 80%
l . A few intermediate shapes obtained during the optimization process are also shown.



Fig. 16. Minimization of
P
Cd at Re=1×104 and α=4°: time history of Cd for the NACA 0012 and optimal airfoils.

Fig. 17. Minimization of
P
Cd at Re=1×104 and α=4°: time histories of the pressure and viscous components of the drag coefficient for the NACA 0012 and optimal airfoils.

Fig. 18. Minimization of
P
Cd at Re=1×104 and α=4°: time-averaged skin friction coefficient over (a) NACA 0012 and (b) optimal airfoil.
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Fig. 19.Minimization of
P
Cd at Re=1×104 and α=4°: time-averaged streamlines and Cp distribution for the NACA 0012 and the optimal airfoils. s denotes the location of the point

of flow separation.
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of the chord from the leading edge. It has larger thickness than the one
without the constraint. As a result, the drag is also larger. Interestingly, the
pressure component of the drag is comparable for both the initial and
optimal airfoils. However, the skin friction component is smaller for the
optimal airfoil without volume constraint. The time-averaged Cp
distribution of the optimal airfoil is shown in Fig. 13. Comparing the C

_
p

distribution of the initial shape, shown in Fig. 8(b), with that in Fig. 13 it is
noticed that both the airfoils have a large suction peak near the leading
edge. However, the airfoil with no volume constraint is associated with
larger pressure on the lower surface. This accounts for the higher lift
generation.

8.2. Minimization of time-averaged drag

The objective is to determine an airfoil shape with the least time-
averaged drag. The objective function is given by Ic =

1
2

P
C
2
d . The

optimal airfoil is seen to be a thin body with a bulge on the lower
surface towards the trailing edge. This is shown in Fig. 14 along with
the NACA 0012 airfoil. This shape has a time-averaged drag coefficient
of 0.0396, which corresponds to an 18% reduction from that of the
NACA 0012 airfoil. The iteration histories of

P
Cd and

P
Cl are shown in

Fig. 15 along with a few intermediate shapes obtained during the
design process. A drag coefficient, close to the optimal value, is
achieved right after one iteration. The corresponding shape is thin and
has a small bulge on the lower surface near the mid-chord section. In
the next few iterations, the bulge moves towards the trailing edge.
Fig. 20. Minimization of time-averaged drag to lift ratio
Very few changes in the shape take place beyond ten iterations. The
time histories of Cd of both the NACA 0012 and the optimal airfoil are
shown in Fig. 16. The amplitude of oscillation of drag for the optimal
airfoil is smaller compared to that of the NACA 0012 airfoil. However,
the frequency of vortex shedding is higher.

To investigate the cause of reduction in drag, we examine the
contribution from pressure and viscous components. The time
histories of the pressure and viscous parts of the drag are shown in
Fig. 17. Compared to the NACA 0012 airfoil, the optimal airfoil shows
a 40% reduction in pressure drag. However, the viscous drag
increases by 8%. To further examine the cause for the increase in
the viscous contribution, the distribution of the local surface skin
friction for the time-averaged flow is computed and shown in Fig. 18.
Compared to the NACA 0012 airfoil, the optimal airfoil has large shear
stresses near the leading edge. This is probably due to the sharp
leading edge of the optimal airfoil. Larger shear stresses are also
observed in the bulge region near the trailing edge on the lower
surface. Time-averaged streamlines for both the NACA 0012 and the
optimal airfoils are shown in Fig. 19. The very significant drop in the
pressure drag of the optimal airfoil is due to the delay in the
separation of the flow. The separation point for the time-averaged
flow for the optimal airfoil is 0.77c, approximately, which is
significantly aft of that for the NACA 0012 airfoil (≃0.4c). The time-
averaged pressure coefficient is shown in the bottom row of Fig. 19.
The optimal airfoil generates almost four times more lift than the
NACA 0012 airfoil. A region of reasonably high suction occurs on the
at Re=1×104, α=4°: optimal and initial shapes.



Fig. 21. Minimization of time-averaged drag to lift ratio at Re=1×104, α=4°: iteration history of (a)
P
Cd =

P
Cl , (b)

P
Cd and (c)

P
Cl .
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upper surface while a region of high pressure exists on the lower
surface. This leads to a significantly larger

P
Cl for the optimal airfoil,

compared to the NACA 0012 geometry.

8.3. Minimization of ratio of time-averaged drag to lift

The objective function in this case is defined as: Ic =
1
2

Cd
�

Cl
�

0
@

1
A

2

.

The optimal shape obtained at the end of the design cycle is shown in
Fig. 22. Minimization of time-averaged drag to lift ratio at Re=1×1
Fig. 20 along with the NACA 0012 airfoil. The optimal shape has a
small bulbous leading edge and a small bulge on the upper surface
near the trailing edge. The thickness to chord ratio of the optimal
airfoil is 3%. A relatively long and shallow dimple is observed on the
upper surface of the optimal airfoil. The time-averaged drag to lift
ratio for the optimal shape is 0.057 as compared to 0.345 of the NACA
0012 airfoil. This corresponds to an 83.5% reduction in value. In terms
of lift to drag ratio, the optimal airfoil represents a five-fold increase
in the performance. A similar dimple was observed by the authors
04, α=4°: time history of Cl for optimal and NACA 0012 airfoils.
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[43] while optimizing an airfoil shape in steady flows at Re=250.
Eliminating the dimple by straightening the surface led to lower
values of lift and higher values of drag.

The time-averaged drag decreases only by 16% while the lift
increases by 445% for the optimal airfoil. The iteration history of the
time-averaged drag to lift ratio is shown in Fig. 21 along with a few
intermediate shapes. The iteration histories of

�
Cd and

�
Cl are also

shown in the figure. The time history of Cl for, both, initial and optimal
airfoils is shown in Fig. 22. Flow over the optimal airfoil exhibits a
slight increase in the amplitude of oscillation. The frequency of vortex
shedding is also marginally lower than that of the NACA 0012 airfoil.
Fig. 23 shows the pressure and viscous contribution to Cd for the NACA
0012 and the optimal airfoils. For the optimal airfoil, the contributions
of pressure and viscous stress to Cd decrease by 8% and 14%,
respectively, compared to the NACA 0012 airfoil. The Cp distribution
of the time-averaged flows over both the optimal and initial airfoils is
shown in Fig. 24. While the peak suction on the upper surface is larger
than that of the NACA 0012 airfoil, it is lesser than that of the optimal
shape obtained for maximum time-averaged lift. The lower surface
also exhibits higher pressure resulting in a net increase in the time-
averaged lift. Fig. 24 also shows the time-averaged streamlines over
the NACA 0012 and optimal airfoils. For the optimal airfoil, the flow
separates very close to the leading edge and reattaches near the mid-
chord section leading to a very thin region of trapped flow. It separates
again close to the trailing edge. The separation and reattachment
points of the flow are marked in the figure.

8.4. Comparison of the optimal shapes

The aerodynamic and geometric characteristics of the optimal
airfoils obtained for a different objective are shown in Table 2. The
Fig. 23.Minimization of time-averaged drag to lift ratio at Re=1×104, α=4°: time histories
Figures (a) and (c) are for the NACA 0012 airfoil while (b) and (d) are for the optimal airfo
optimal shapes are also shown in the last column of this table. The
results obtained are consistent with the objectives. However, the
nature of flow varies for the different optimal shapes. The airfoil with
the largest

�
Cl has a bulbous leading edge, thickness to chord ratio of

5.4% and amaximum camber of 5.5%. Themaximum camber is located
fairly fore at 0.32c. A large suction peak near the leading edge on the
upper surface, a region of constant pressure on the upper surface
owing to an early flow separation and a high pressure region on the
lower surface due to increased camber combine to give a large
increase in the time-averaged lift coefficient. The optimal airfoil, for
minimal drag, is very thin with a sharp leading edge. The maximum
thickness to chord ratio is 2.4%. The low thickness to chord ratio of the
airfoil helps in reducing the pressure drag considerably by a
significant delay in the flow separation. The separation point for this
airfoil is located at 0.77c. The airfoil with the least

�
Cd =

�
Cl has a small

bulbous leading edge. Its thickness to chord ratio is 2.2%. The strong
suction peak leads to an increased lift. A shallow dimple on the upper
surface of the airfoil leads to a small region of recirculation. The final
separation point is located at ∼0.8c. The increase in the lift to drag
ratio is mostly due to the increased lift; the reduction in drag,
compared to the NACA 0012 airfoil is 16%. Maximum camber for this
airfoil occurs near the mid-chord section.

9. Conclusions

A continuous adjoint method is utilized for the design of airfoils in
unsteady viscous flows for α=4° and Re=1×104. A stabilized finite
elementmethod based on the SUPG/PSPG stabilizations has been used
to solve, both, flow and adjoint equations. The airfoil surface is
parametrized by a 4th order NURBS curve with 13 control points. The
y-coordinates of the control points are used as the design parameters.
of the pressure and viscous components of drag for the NACA 0012 and optimal airfoils.
il.



Fig. 24. Minimization of time-averaged drag to lift ratio at Re=1×104, α=4°: time-averaged stream lines and
P
Cp distribution over the optimal and NACA 0012 airfoils. s and r

denote the location of points of flow separation and reattachment, respectively.

Table 2
Comparison of the optimal shapes obtained for various objective functions at Re=1×104 and α=4o. x̄s is the location of the point of flow separation on the upper surface with
respect to the leading edge, − P

Cpmax is the maximum suction on the upper surface, (t/c)max is the maximum thickness to chord ratio and xcamber is the location of the point of the
maximum camber with respect to the leading edge.

Ic
P
Cl

P
Cd

P
Cl =

P
Cd x̄s/c − P

Cpmax (t/c)max Max camber xcamber Final shape

Max
P
Cl 1.022 0.0729 14.00 0.20 1.43 5.4% 5.5% 0.32c

Min
P
Cd 0.612 0.0396 15.45 0.77 0.88 2.4% 4.4% 0.42c

Min
P
Cd =

P
Cl 0.771 0.0441 17.48 0.12 1.29 2.3% 4.7% 0.47c

NACA 0012 0.141 0.0487 2.89 0.40 0.70 12.00% 0.0% –
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The NACA 0012 airfoil is the initial guess for the computations. The L-
BFGS algorithm is used as the optimizer.

Airfoils are designed for three different objective functions:
maximize time-averaged lift coefficient, minimize time-averaged
drag coefficient and minimize ratio of time-averaged drag to lift. Fairly
diverse geometries are obtainedwhile usingvarious objective functions.
The optimal airfoils are thin with the largest thickness to chord ratio
being only 5.5%. The optimal airfoil obtained while maximizing the
time-averaged lift has a lift coefficient more than five times that of the
NACA0012airfoil. A strong suctionpeak,mild adverse pressure gradient
for a considerable length on the upper surface and a large high pressure
regionon the lower surfaceare seen tobe the cause for the large increase
in lift. The flow remains attached for 70% of the length of the optimal
airfoil obtained while minimizing the time-averaged drag coefficient.
The reduction indrag is, approximately, 18% from that of theNACA0012
airfoil. The optimal airfoil obtained from minimizing the ratio of time-
averageddrag to lift ratiohas a small bulbous leading edge anda shallow
dimple on the upper surface. The recirculation zone present in the
dimple reduces the viscous dragwhile the bulbous leading edge leads to
a regionof strong suctionon theupper surface. Thedecrease in the time-
averageddrag to lift ratio is 83.5%. The effect of the imposition of volume
constraint is explored viamodification of the objective function. For the
cases studied, the volume constraint leads to airfoils that have a lower
aerodynamic performance. This study demonstrates the ability of the
method to obtain high performance airfoils in unsteady flows.
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