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A continuous adjoint formulation for the computation of the sensitivities of integral functions used in
steady-flow, incompressible aerodynamics is presented. Unlike earlier continuous adjoint methods, this
paper computes the adjoint to both the mean-flow and turbulence equations by overcoming the fre-
quently made assumption that the variation in turbulent viscosity can be neglected. The development
is based on the Spalart–Allmaras turbulence model, using the adjoint to the corresponding differential
equation and boundary conditions. The proposed formulation is general and can be used with any other
integral function. Here, the continuous adjoint method yielding the sensitivities of the total pressure loss
functional for duct flows with respect to the normal displacements of the solid wall nodes is presented.
Using three duct flow problems, it is demonstrated that the adjoint to the turbulence equations should be
taken into account to compute the sensitivity derivatives of this functional with high accuracy. The so-
computed derivatives almost coincide with ‘‘reference” sensitivities resulting from the computationally
expensive direct differentiation. This is not, however, the case of the sensitivities computed without solv-
ing the turbulence adjoint equation, which deviates from the reference values. The role of all newly
appearing terms in the adjoint equations, their boundary conditions and the gradient expression is inves-
tigated, significant and insignificant terms are identified and a study on the Reynolds number effect is
included.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

In aerodynamic shape optimization methods, given (a) an
objective function J, (b) a set of N design variables (bn;n ¼ 1; . . . ;

N; in most cases, these are shape controlling parameters, though
flow parameters can also be among them) and (c) the governing
(flow/state) equations, the adjoint method computes the gradient
of J with respect to bn, i.e. sensitivity derivatives dJ

dbn
. A key advan-

tage of the adjoint method is that these derivatives are computed
at cost comparable to that of numerically solving the state p.d.e.’s.

The discrete adjoint equations can be derived through either the
continuous, [1–7], or the discrete adjoint approach, [8–11,20]. In
the continuous approach, the adjoint equations are derived as
p.d.e.’s and, then, discretized. In the discrete approach, the discrete
adjoint equations result from the discretized state equations. The
continuous adjoint approach allows understanding the physical
significance of the adjoint equations and boundary conditions. It
also offers flexibility in choosing the discretization scheme for
the adjoint equations which may differ from that used for the state
p.d.e.’s but may result to discrepancies in the gradient of the dis-
cretized objective function. The discrete adjoint provides the exact
ll rights reserved.
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nakoglou).
gradient of the discrete objective function and ensures that the
optimization process can fully converge. It, however, suffers from
increased memory requirements and, in case of high-order discret-
ization schemes with extended stencils, the development cost in-
creases noticeably. It is beyond the scope of this paper to discuss
further these advantages and disadvantages; in the limit of infinite
grid resolution and for smooth solutions both approaches are con-
sistent and converge to the correct value of the gradient, [21,31].
Note that the present paper is exclusively concerned with the con-
tinuous approach.

In continuous adjoint, the development starts from the aug-
mented objective function L, defined as the sum of J and the field
(X) integral of the residual of the state equations ðRi ¼ 0Þmultiplied
by the adjoint variables ðwiÞ; thus, L ¼ J þ

R
X wiRi dX. The variation

of the L is made independent of variations in state variables by sat-
isfying appropriate adjoint equations and boundary conditions, giv-
ing rise to expressions for the sensitivity derivatives in terms of the
computed wi fields. Since J is an integral, the sensitivity derivatives
are expressed as boundary and/or field integrals, depending on the
type of J and the adjoint formulation. In inverse design problems,
for instance, where J is an integral along the solid walls, formula-
tions leading to sensitivity derivatives with, [2,12,3,5], or without,
[13–15,6], field integrals can be found. A more subtle approach is
needed when J includes line (in 2D)/surface (in 3D) integrals along

mailto:kgianna@central.ntua.gr
http://www.sciencedirect.com/science/journal/00457930
http://www.elsevier.com/locate/compfluid


A.S. Zymaris et al. / Computers & Fluids 38 (2009) 1528–1538 1529
the inlet and outlet, which are not directly affected by the shape
controlling parameters. This is the case of the function expressing
total pressure losses, as shown by the authors in [16] for compress-
ible flows. Here, the same function is used for incompressible flows.
Note that one may extend this method to field integrals, such as
that of entropy generation presented in [17,18].

In turbulent flows, the mean-flow equations are coupled with
the turbulence model one(s) and both must be considered as state
equations. The adjoint approach should take into account varia-
tions in the mean-flow and turbulence variables. However, the lit-
erature survey, [3,6,7,12] reveals that the latter are often neglected.
In the so-called frozen turbulence assumption dmt

dbn
¼ 0

� �
, the math-

ematical development is less tedious, the expressions for dJ
dbn

are
simpler and there is no need to solve additional p.d.e.’s for the tur-
bulence adjoint variables; however, as it will be demonstrated be-
low, the resulting sensitivity derivatives may deviate from the
exact ones. The scope of this paper is to set up a continuous adjoint
approach for the entire system of state p.d.e.’s (mean-flow equa-
tions and the Spalart–Allmaras model equation, [19]), derive exact
expressions for dJ

dbn
and quantify the error introduced by neglecting

the turbulence adjoint terms in selected examples.
To the authors’ knowledge, such a continuous adjoint approach

is new. A few similar works that take into account variations in tur-
bulent viscosity can only be reported, but these are all based on the
discrete adjoint approach. For instance, Nielsen et al. [23] present a
discrete adjoint method for the compressible mean flow equations
tightly coupled with the Spalart–Allmaras model, which preserves
discrete duality and achieves asymptotic convergence behavior
equivalent to that of the flow problem. Zingg et al. [25] solve the
system of state and discrete adjoint equations (including lineariza-
tion of the coupled turbulence model) using the same precondi-
tioned Krylov method, aiming at faster and more reliable
convergence. Dwight and Brezillon [26] present a discrete adjoint
to an unstructured finite-volume solver for the RANS; the adjoint
is based on the full linearization of all terms in the solver, including
all turbulence model (Spalart–Allmaras–Edwards) contributions.
In the same paper, the reader may find a detailed classification of
the approximations which are often used when the exact adjoint
to the turbulence equations is to be avoided. Anderson and Bon-
haus [22] also present a discrete adjoint approach on unstructured
grids where the Spalart–Allmaras model is strongly coupled with
the flow equations and the accuracy of derivatives is demonstrated
through comparison with finite differences. Lee and Kim [24] pres-
ent a discrete adjoint method for the compressible RANS coupled
with the k–x SST model, for subsonic S-shaped intake geometries;
the adjoint solver is parallelized to offset the extra cost for solving
the two turbulent adjoint equations. The discrete adjoint of the
complete optimization problem, including flow equations and
mesh motion, where the linearization takes into account the full
coupling of flow and turbulence equations, is shown in [27]. A de-
tailed feasibility study of the usually made constant eddy-viscosity
assumption in gradient-based optimization, by focusing on the dis-
crete adjoint method, is presented in [28]. Compared to all the pre-
viously mentioned works, the present paper differs in that the
continuous, rather than the discrete, adjoint is developed; the
development produces physically significant adjoint p.d.e.’s and
boundary conditions. Note, also, that the present paper deals with
the incompressible steady-state flow equations and applications
are restricted to duct flows.

It should become clear that the scope of this paper is to present
a (continuous adjoint) method to compute accurate derivatives of
flow-related functionals, not necessarily for the purpose of driving
a descent method to the optimal solution. In engineering applica-
tions, the knowledge of sensitivity derivatives of an aerodynamic
shape can be used to draw the designer’s attention to components
that are susceptible to further improvement. However, to avoid
any misunderstanding, we should make clear that this paper does
not intend to convince the reader that gradient-based optimization
methods must necessarily be supported by the exact gradient. It is
well known that many efficient optimization methods are driven
by gradient approximations. As shown below, this paper demon-
strates that, depending on the Reynolds number, the omission of
solving the adjoint to the turbulence model equation(s) may dam-
age the accuracy of the computed gradient. In addition, by means
of the numerical investigation of the role of all new terms (in the
adjoint equations, their boundary conditions and the gradient
expression), one by one, we may identify more or less significant
terms before deciding about simplifications to be made.

2. Flow model

The flow model consists of the Navier–Stokes equations for
incompressible fluid flows and the Spalart–Allmaras one-equation
turbulence model. The mean-flow equations are written as

RU;i ¼ v j
ov i

oxj
þ op

oxi
� o

oxj
mþ mtð Þ ov i

oxj
þ ov j

oxi

� �� �
¼ 0; i¼ 1;2;3 ð1Þ

RU;4 ¼
ov j

oxj
¼ 0 ð2Þ

where v i (velocity components) and p (static pressure) stand for the
mean-flow state variables. According to the Einstein convention, re-
peated indices imply summation. Neglecting the transition term,
the Spalart–Allmaras turbulence model [19] reads

R~m ¼
o v j~m
� 	
oxj

� o

oxj
mþ

~m
r

� �
o~m
oxj

� �
� cb2

r
o~m
oxj

� �2

� ~mP ~mð Þ þ ~mD ~mð Þ ¼ 0

ð3Þ

where ~m is the turbulence state variable. The eddy viscosity coeffi-
cient mt is expressed in terms of ~m as follows:

mt ¼ ~mfv1 ð4Þ

The production and destruction terms in Eq. (3) read

P ~mð Þ ¼ cb1
~S; D ~mð Þ ¼ cw1fwð~SÞ

~m
d2 ð5Þ

where ~S ¼ Sþ ~m
d2j2 fv2 ; S ¼ jeijk

ovk
oxj

~iij is the vorticity magnitude, eijk is

the permutation symbol, d the distance from the wall, fv1 ¼
v3

v3þc3
v1

,

fv2 ¼ 1� v
1þvfv1

, v ¼ ~m
m, fw ¼ g

1þc6
w3

gþc6
w3

� �1=6

, g ¼ r þ cw2 ðr6 � rÞ andr ¼
~m

~Sj2d2. The constants are cb1 ¼ 0:1355, cb2 ¼ 0:622, j ¼ 0:4187, r ¼
2
3, cw1 ¼ cb1

j2 þ ð1þcb2Þ
r , cw2 ¼ 0:3; cw3 ¼ 2, cv1 ¼ 7:1 and cv2 ¼ 5.

The mean-flow equations are solved on structured grids in a
segregated manner, by employing the SIMPLE algorithm [29]. A
collocated, cell-centered storage of flow variables is used. Numer-
ical dissipation is introduced by computing the pressure gradients
at the pressure equation directly at each face center of a control
volume. Convection terms are modeled using a second-order up-
wind scheme. The system of the discretized equations is solved
using the preconditioned (through the biconjugate gradient stabi-
lized, CGSTAB, algorithm; see [30]) conjugate gradient method.
3. Continuous adjoint approach – basic development

In this section, the continuous adjoint method producing the
sensitivities dJ

dbn
is developed in a general manner without consider-

ing a specific function J or specific shape controlling parameters bn.
By introducing the adjoint (or costate, wi) variables ui, q and ~ma,
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associated with the v i, p and ~m, respectively, the variation in the
augmented function L is written as

dL
dbn
¼ dJ

dbn
þ
Z

X
ui

oRU;i

obn
dXþ

Z
X

q
oRU;4

obn
dXþ

Z
X

~m
oR~m

obn
dX ð6Þ

where X is the flow domain with boundary C. In Eq. (6), a sharp dis-
tinction must be made between global (symbol d) and direct (sym-
bol o) variations and the corresponding sensitivity derivatives. By
varying bn, the locations of grid nodes vary too. Thus, the global var-
iation in any quantity U is expressed as the sum of direct and grid-
dependent variations, namely

dU
dbn
¼ oU

obn
þ oU

oxk

dxk

dbn
ð7Þ

The use of direct derivatives in Eq. (6) allows the permutation of
o

oxk
and o

obn
(i.e. o

oxk

oU
obn

� �
¼ o

obn

oU
oxk

� �
), see [6], which would not be the

case if the global variation was used instead (in general,
o

oxi

dU
dbn

� �
– d

dbn

oU
oxi

� �
). The direct derivatives of the state equations

(mean-flow and turbulence equations; Eqs. (2)–(5)) with respect
to bn are given by

oRU;i

obn
¼ ov j

obn

ov i

oxj
þ v j

o

oxj

ov i

obn

� �
þ o

oxi

op
obn

� �

� o

oxj
ðmþ mtÞ

o

oxj

ov i

obn

� �
þ o

oxi

ov j

obn

� �� �
 �

� o

oxj

omt

obn

ov i

oxj
þ ov j

oxi

� �� �
¼ 0; i ¼ 1;2;3 ð8Þ

oRU;4

obn
¼ o

oxj

ov j

obn

� �
ð9Þ

where the bulk viscosity m is assumed constant whereas

omt

obn
¼ dmt

d~m
o~m
obn

ð10Þ

and

oR~m

obn
¼ o

oxj

ov j

obn
~m

� �
þ o

oxj
v j

o~m
obn

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

term1

� o

oxj
mþ

~m
r

� �
o

oxj

o~m
obn

� �� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

term2

� 1
r

o

oxj

o~m
obn

o~m
oxj

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

term3

�2
cb2

r
o~m
oxj

o

oxj

o~m
obn

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

term4

þ~m � oP
obn
þ oD

obn

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

term5

þ �P þ Dð Þ o~m
obn|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

term6

ð11Þ

By assuming that the variations in turbulence quantities with re-
spect to bn are zero (i.e. the widely made assumption; see
[12,3,6,7]), Eqs. (8), (9) and (7) (with U ¼ v i or p), yieldZ

X
ui

oRU;i

obn
þ q

oRU;4

obn

� �
dX

¼
Z

C
ujv jni þ uiv jnj þ ðmþ mtÞ

oui

oxj
nj � qni

� �
ov i

obn
dC

�
Z

C
ðmþ mtÞ

o

oxj

ov i

obn

� �
njui dCþ

Z
X
�v j

ouj

oxi
� oui

oxj

� �


� o

oxj
ðmþ mtÞ

oui

oxj
þ ouj

oxi

� �� �
þ oq

oxi

�
ov i

obn
dXþ

Z
C

ujnj
op
obn

dC

�
Z

X

ouj

oxj

op
obn

dX ð12Þ

In the present paper, we focus on the new terms arising by neglect-
ing the ‘‘frozen turbulence viscosity” assumption. If omt

obn
is not ne-

glected, the last term in Eq. (8) contributes the additional term
�
Z

X
ui

o

oxj

omt

obn

ov i

oxj
þ ov j

oxi

� �� �
dX ¼ �

Z
C

dmt

d~m
ui

ov i

oxj
þ ov j

oxi

� �
nj

o~m
obn

dC

þ
Z

X

dmt

d~m
oui

oxj

ov i

oxj
þ ov j

oxi

� �
o~m
obn

dX

ð13Þ

to the r.h.s. of Eq. (12). The derivative dmt
d~m is analytically computed

using the Spalart–Allmaras model equations.
The integral

R
X

~m oR~m
obn

dX, that appears in Eq. (6), after substituting
Eq. (11) for oR~m

obn
, becomes on a term-by-term basis (nj are the com-

ponents of the outward unit normal vector along C)

term1 :

Z
X

~ma
o

oxj

ov j

obn
~m

� �
þ o

oxj
v j

o~m
obn

� �� �
dX

¼
Z

C

~ma~mnj
ov j

obn
dC�

Z
X

~m
o~ma

oxj

ov j

obn
dXþ

Z
C

~mav jnj
o~m
obn

dC

�
Z

X

o~ma

oxj
v j

o~m
obn

dX ð14Þ

term2 : �
Z

X

~ma
o

oxj
mþ

~m
r

� �
o

oxj

o~m
obn

� �� �
dX

¼�
Z

C

~ma mþ
~m
r

� �
o

oxj

o~m
obn

� �
nj dCþ

Z
C

mþ
~m
r

� �
o~ma

oxj
nj

o~m
obn

dC

�
Z

X

o

oxj
mþ

~m
r

� �
o~ma

oxj

� �
o~m
obn

dX

From Eq. (7) (with U ¼ o~m
oxj

), we get

o

oxj

o~m
obn

� �
nj ¼

d
dbn

o~m
oxj

nj

� �
� o~m

oxj

dnj

dbn
� o2~m

oxjoxk
nj

dxk

dbn

and term2 is rewritten as

�
Z

X

~ma
o

oxj
mþ

~m
r

� �
o

oxj

o~m
obn

� �� �
dX

¼�
Z

C

~ma mþ
~m
r

� �
d

dbn

o~m
oxj

nj

� �
dCþ

Z
C

~ma mþ
~m
r

� �
o~m
oxj

dnj

dbn
dC

þ
Z

C

~ma mþ
~m
r

� �
o2~m

oxjoxk
nj

dxk

dbn
dC�

Z
X

o

oxj
mþ

~m
r

� �
o~ma

oxj

� �
o~m
obn

dX

þ
Z

C
mþ

~m
r

� �
o~ma

oxj
nj

o~m
obn

dC ð15Þ

term3 : � 1
r

Z
X

~ma
o

oxj

o~m
obn

o~m
oxj

� �
dX

¼ � 1
r

Z
C

~ma
o~m
oxj

nj
o~m
obn

dCþ 1
r

Z
X

o~ma

oxj

o~m
oxj

o~m
obn

dX ð16Þ

term4 : �2cb2

r

Z
X

~ma
o~m
oxj

o

oxj

o~m
obn

� �
dX¼�2cb2

r

Z
C

~ma
o~m
oxj

nj
o~m
obn

dC

þ2cb2

r

Z
X

o

oxj
~ma

o~m
oxj

� �
o~m
obn

dX ð17Þ

term5 :

Z
X

~ma~m � oP
obn
þ oD

obn

� �
dX¼

Z
X

~ma~m CS ~mð Þ oS
obn
þC~m ~m;~vð Þ o~m

obn

�

þCdð~m;~vÞ
od
obn

�
dX ð18Þ

where the expressions for functions Cs ~mð Þ;C~m ~m;~vð Þ and Cd ~m;~vð Þ
result directly from the Spalart–Allmaras model equations. Since

oS
obn
¼ 1

S
eijqeilm

ovq

oxj

o

oxl

ovm

obn

� �
ð19Þ

the first term on the r.h.s. of Eq. (18) is rewritten as
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Z
X

~ma~mCS ~mð Þ oS
obn

dX¼
Z

C

~ma~mCS ~mð Þ1
S

eijqeilm
ovq

oxj
nl

ovm

obn
dC

�
Z

X

o

oxl
CS ~mð Þ1

S
eijqeilm

ovq

oxj
~ma~m

� �
ovm

obn
dX ð20Þ

and

term6 :

Z
X

~mað�P þ DÞ o~m
obn

dX: ð21Þ

4. Adjoint equations and sensitivity derivatives

The sensitivities of functions expressed as boundary integrals,

J ¼
Z

C
JC dC ð22Þ

are given by

dJ
dbn
¼
Z

C

oJC
obn

dCþ
Z

C

oJC
oxk

dxk

dbn
dCþ

Z
C

JC
dðdCÞ
dbn

ð23Þ

where

oJC
obn
¼ oJC

ov i

ov i

obn
þ oJC

op
op
obn
þ oJC

o~m
o~m
obn

ð24Þ

By substituting Eqs. (12)–(23) into Eq. (6), a lengthy expression for dL
dbn

can be derived which is omitted in the interest of space. In this
expression, integrals which depend on the direct derivatives of the
state variables in terms of bn are eliminated by satisfying the adjoint
(mean-flow and turbulence) field equations and their boundary
conditions.

Field integrals which include ov i
obn

and op
obn

are eliminated by satis-
fying the adjoint to the field mean-flow equations,

� v j
oui

oxj
þ ouj

oxi

� �
� o

oxj
ðmþ mtÞ

oui

oxj
þ ouj

oxi

� �� �
þ oq

oxi

�~m
o~ma

oxi
� o

oxl
ejliejmq

CS

S
ovq

oxm
~m~ma

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

termA1

¼ 0; i ¼ 1;2;3 ð25Þ

ouj

oxj
¼ 0 ð26Þ

Field integrals which include o~m
obn

give rise to the field turbulent
adjoint equation (i.e. a p.d.e. for ~m),

o~ma

oxj
v jþ

o

oxj
mþ

~m
r

� �
o~ma

oxj

� �
¼ 1

r
o~ma

oxj

o~m
oxj
þ2

cb2

r
o

oxj
~ma

o~m
oxj

� �
þ ~ma~mC~m ~m;~vð Þ

þdmt

d~m
oui

oxj

ov i

oxj
þov j

oxi

� �
þð�PþDÞ~ma ð27Þ

The adjoint state equations (Eqs. (25) and (26)) and the turbu-
lent adjoint equations are solved using the same segregated scheme
used for the state equations (collocated, cell-centered scheme, sec-
ond-order accuracy). The Spalart–Allmaras equation and its adjoint
are solved using fully consistent schemes. For large scale problems,
a preconditioned Krylov subspace method (same preconditioner as
before) could be used, allowing the solution of the adjoint equations
in a small percentage of the time needed to solve the state equa-
tions. However, in this paper, CPU cost is not an issue.

In ducted flows, v i and ~m are fixed and a zero Neumann condi-
tion is imposed to the pressure along the inlet boundary Ci. Hence,
all integrals along Ci which include ov i

obn
, omt

obn
(or o~m

obn
) and o

obn

op
oxj

nj

� �
van-

ish automatically. The remaining integrals along Ci are

�
Z

Ci

/1;ij
o

oxj

ov i

obn

� �
dCþ

Z
Ci

/2
op
obn

dC�
Z

Ci

/3
o

obn

o~m
oxj

nj

� �
dC

ð28Þ

where
/1;ij ¼ ðmþ mtÞðnjui þ niujÞ; /2 ¼ ujnj þ
oJC
op

; /3 ¼ ~ma mþ
~m
r

� �

and these are eliminated by setting /1;ij
o

oxj

ov i
obn

� �
¼ 0;/2 ¼

0 and /3 ¼ 0. These conditions are equivalent to setting the normal
component of the adjoint velocity ~u equal to � oJC

op and zeroing its
tangential components (through a first-order approximation of
the zero divergence velocity variation along the walls) as well as
~ma. In addition, the normal derivative of q is set to zero.

Along the outlet boundary Co, integrals which include
o

obn

ov i
oxj

nj

� �
; op

obn
or o

obn

o~m
oxj

nj

� �
vanish due to the exit boundary condi-

tions for the primal mean-flow and turbulence variables. To
eliminateZ

Co

/4;i
ov i

obn
dCþ

Z
Co

/5
o~m
obn

dC ð29Þ

where

/4;i ¼ ujv jni þ uiv jnj þ ðmþ mtÞ
oui

oxj
nj � qni þ ~ma~mni

þ ~ma~mCS ~mð Þ1
S

ejmqejli
ovq

oxm
nl þ

oJC
ov i

/5 ¼ �
dmt

d~m
ui

ov i

oxj
þ ov j

oxi

� �
nj þ ~mav jnj þ mþ

~m
r

� �
o~ma

oxj
nj þ

oJC
o~m

the outlet boundary conditions become /4;i ¼ 0 (i = 1,2,3 in a 3D
problem) and /5 ¼ 0. The former corresponds to zeroing the ~/4 vec-
tor components. So, this is decomposed into its normal and tangen-
tial components, as follows:

q ¼ ujv j þ unvn þ ðmþ mtÞ
oun

oxj
nj þ ~ma~mþ ~ma~m

CS

S
ejmqejli

ovq

oxm
nlni|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

termA2

þ oJC
ovn

ð30Þ

0 ¼~utvn þ ðmþ mtÞ
o~ut
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nj þ ~ma~m
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S
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þ oJC
o~v t

ð31Þ

where vn ¼ v ini (n = normal; t = tangent; no summation over the re-
peated index n, in Eq. (30)), ~v t ¼ ~v � ð~v �~nÞ~n and the same holds for
the adjoint velocities.

As with the inlet conditions, v i; ~m and op
oxj

nj are zero along the
solid walls Cw, too. Since the solid wall is the ‘‘controlled” part of
the geometry, the corresponding nodal coordinates coincide with
or depend on the shape controlling variables and, consequently,
the solid wall conditions lead to ov i

obn
¼ � ov i

oxk

dxk
dbn

, o
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op
oxj
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� �
¼

� o
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� �
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and o~m
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. The part of Eq. (6) with boundary

integrals along the solid walls becomesZ
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In order to eliminate integrals expressed in terms of o
obn

ov i
oxj

nj

� �
, op

obn
or

o
obn

o~m
oxj

nj

� �
, conditions /1;ij

o
oxj

ov i
obn

� �
¼ 0, /2 ¼ 0 and /3 ¼ 0 should be

met. Therefore, from /3 ¼ 0, we get ~ma ¼ 0 along the wall and, con-
sequently, any integral containing ~ma in Eq. (32) vanishes.

Hence, the sensitivity derivatives are given by

dJ
dbn
¼
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oJC
oxk

dxk
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dCþ

Z
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dðdCÞ
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nj � qni

� �
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oxk
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Z
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m
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X

~ma~mCd ~m;~vð Þ od
obn

dX|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
termB

ð33Þ

Working with parameterized curves or surfaces, such as those
based on Bézier–Bernstein polynomials, the xk coordinates along
the shape contour are expressed in terms of the non-dimensional
parameter t ðt 2 ½0;1�Þ as

xkðtÞ ¼
XM�1

i¼0

CiðtÞXik ð34Þ

(k = 1,2,3 in 3D), M is the number of control points, CiðtÞ are appro-
priate polynomials and Xik are the control point coordinates (some
or all of which coincide with the N design variables bn). The varia-
tion in xk with respect to bn is

dxkðtÞ
dbn

¼
XM�1

i¼0

CiðtÞ
dXik

dbn
ð35Þ

The finite length dC is given by

ðdCÞ2 ¼ ðdtÞ2
XM�1

i¼0

dCiðtÞ
dt

Xik

 !2

ð36Þ

so
Fig. 1. Case study 1 (S-shaped duct): computed turbulence variable ~m (left) and its adjoin
proposed in this paper. The rectangle corresponds to the close-up area shown in Fig. 2.

Fig. 2. Case study 1 (S-shaped duct): close-up view of flow and adjoint variables in
turbulence variable ~ma.
dðdCÞ
dbn

¼ ðdtÞ2

dC
dxkðtÞ

dt

XM�1

i¼0

dCiðtÞ
dt

dXik

dbn

 !
ð37Þ

To summarize, by taking into account the variation in mt , extra
terms appear in the adjoint equations, their boundary conditions
and the sensitivity derivatives’ expressions. These are clearly
marked as termA1 (in Eq. (25)), termA2 (Eq. (30)), termA3 (Eq.
(31)) and termB (Eq. (33)). Having a clear view of the extra terms
and their significance is an important advantage of the continuous
adjoint approach. In the case studies, the role of these terms is
investigated.
5. Sensitivities of the loss in total pressure – case studies

5.1. Sensitivities of total pressure losses

Thus far, the development was presented in a general form, irre-
spective of the objective function used. In this section, this is
adapted to the case of function J expressing the mass-averaged to-
tal pressure losses between the inlet to and outlet from the flow
domain (duct or cascade),

J ¼ �
Z

Ci

pþ 1
2

v2
� �

v ini dC�
Z

Co

pþ 1
2

v2
� �

v ini dC ð38Þ

Note that the signed integrand JC (see Eq. (22)) is defined only at
the inlet and outlet of the domain, where JCi;o

¼ pþ 1
2 v2

� 	
v ini.

Working with Eq. (38), the adjoint boundary conditions become
~u ¼ 0, oq

oxi
ni ¼ 0 and ~ma ¼ 0 along the solid walls, un ¼ vn;~ut ¼ 0,

oq
oxi

ni ¼ 0 and ~ma ¼ 0 at the inlet and /4;i ¼ 0, with
t ~ma fields (right). The latter has been computed using the ‘‘full” expression, Eq. (27),

the divergent part. Left: velocity vectors showing flow separation. Right: adjoint
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Fig. 3. Case study 1 (S-shaped duct): sensitivity derivatives dJ
dbn

, where bn stand for
the normal displacements of the solid wall grid nodes, for the inner wall boundary
nodes. The abscissa stands for the nodal numbers. Derivatives are computed using
(a) the proposed adjoint method (marked as ‘‘turbulent adjoint”), a variant in which
the variation in turbulence was neglected (marked as ‘‘frozen turbulence adjoint”)
and direct differentiation.
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2
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¼ 0

at the outlet. The sensitivity derivatives of J with respect to bn are
expressed by
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termB

ð39Þ

Three case studies follow in sub Section 5.3. Through them, our aim
is to show that the additional use of the adjoint to the turbulence
model variable(s) (i.e. the term which is often omitted, to save
development and programming time and reduce the CPU cost per
optimization cycle) may increase the accuracy of the computed gra-
dient. In contrast, it will be shown that, if the variation in mt (or ~m) is
ignored, the sensitivity derivatives of J, Eq. (39), deviate from the
‘‘reference” values. The latter are computed via a direct differentia-
tion method, which is briefly summarized in the next subsection.

5.2. The direct differentiation approach

Direct differentiation is based on the solution of Eqs. (8), (9) and
(11) for the sensitivities of the state (mean flow and turbulence)
variables. The solution of the aforementioned p.d.e.’s provides
the ov i

obn
, op

obn
and o~m

obn
fields from which the computation of oJC

obn
is

straightforward using Eq. (24). It is also straightforward to set
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the boundary conditions for the solution variables, based on the
corresponding boundary conditions for the state and turbulence
variables. So, at the inlet
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f sensitivities computed using four methods. The four distributions can be paired,
ft: the proposed method (no terms omission) yields derivatives almost identical to
mitting termA1 in Eq. (25) and termA2, termA3 in Eqs. (30) and (31) are very close to



Fig. 5. Case study 1 (S-shaped duct): sensitivity derivatives obtained by the
proposed method are compared with those obtained by omitting one term (termA1
in Eq. (25) or termA2 in Eq. (30) or termA3 in Eq. (31)) at a time. The significance of
the boundary condition terms (termA2 and termA3) in the derivatives’ accuracy is
small (the corresponding distributions and the distribution computed using the full
expression practically coincide, yielding the group of three curves marked with
T.A.).
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Fig. 6. Case study 1 (S-shaped duct): computed ~m (left) and its adjoint ~ma (right) profil
upstream of the separation. The ordinate is the distance from the inner wall. The ~ma profil
by omitting termA2 in Eq. (30) and (d) by omitting termA3 in Eq. (31). Profiles (a), (b) a
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Fig. 7. Case study 1 (S-shaped duct): sensitivity derivatives with respect to nodal norma
Right: Re ¼ 1000.
o

oxj

ov i

obn
nj

� �
¼ 0;

op
obn
¼ 0;

o

oxj

o~m
obn

nj

� �
¼ 0 ð41Þ

and along the solid walls
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Direct differentiation is computationally expensive since it re-
quires as many field (system of) p.d.e. solutions as the number of
shape controlling variables. In this paper, this method is consid-
ered to produce the ‘‘reference” sensitivity values to compare the
outcome of the adjoint approach.

5.3. Case studies – the achieved gain in accuracy

In the first case study, the flow in the S-shaped duct shown in
Fig. 1 was considered. The flow was turbulent with a Reynolds
number based on the inlet height equal to Re ¼ 2� 104. A struc-
tured grid with 200 � 160 nodes was used; the grid was ade-
quately stretched close to the solid walls to guarantee that the
non-dimensional distance of the first nodes off the wall was well
below unit (average yþ of the order of 0.1). All the following results
are grid-insensitive. The shape controlling variables, bn, with re-
spect to which the sensitivity derivatives of J (Eq. (38)) were com-
puted, are the normal displacements of the wall grid nodes. Only,
the boundary nodes forming the S-bend section were allowed to
es along the normal to the inner wall direction at a longitudinal position slightly
es were computed (a) by the proposed method (b) by omitting termA1 in Eq. (25), (c)
nd (c) practically coincide, supporting thus the results presented in Fig. 5.
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vary; so, derivatives were computed with respect to those points
only. The remaining boundary nodes along the straight wall exten-
sions, upstream and downstream of the bend, were fixed. In Fig. 1,
the computed turbulence variable ~m and its adjoint ~ma fields are
plotted. Along the divergent part of the duct the flow was sepa-
rated, as shown in Fig. 2. The same figure clearly shows that ~m takes
on high values within the separation zone.

In Fig. 3, the sensitivity derivatives of J, Eq. (38), computed using
the proposed and the frozen-turbulence adjoint approaches are
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Fig. 8. Case study 2 (duct with bump on its upper wall): sensitivity derivatives dJ
dbn

,
with respect to the normal displacements of the solid wall grid nodes. Derivatives
are computed using the three methods also used in Fig. 3 (same notations).
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Fig. 9. Case study 2 (duct with bump on its upper wall): sensitivity derivatives as in Fig
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Fig. 10. Case study 2 (duct with bump on its upper wall): computed ~m (left) and its a
(minimum cross-section). Note that, in this figures, the vertical axis corresponds to the
shown and compared with the outcome of direct differentiation.
In what follows, the term ‘‘proposed method” corresponds to the
solution of adjoint equations for both the mean-flow and the Spal-
art–Allmaras equations and the use of Eq. (39) (full expression,
including termB) to compute the sensitivity derivatives. The pro-
posed method produced sensitivities which are in excellent agree-
ment with the ‘‘reference” ones. In contrast, the frozen-turbulence
adjoint approach yields derivatives which, in this case, deviate
from them.

We below investigate the role of the extra terms appearing in
Eqs. (25), (30) and (31) (i.e. the adjoint to the state equations
and their boundary conditions) and Eq. (33) (sensitivity deriva-
tives), due to the use of the adjoint to the turbulence equation
(terms depending on ~ma). The outcome of this investigation is
shown in Fig. 4. From this figure, it is clear that when termB in
Eq. (33) or (39) was omitted, the sensitivity derivatives remained
almost identical to those computed by the proposed method. We
thus conclude that terms depending on ~m in the dJ

dbn
expression

can safely be omitted, yielding thus significant simplifications. This
is an important conclusion since the last term in Eq. (33) or (39) in-
cludes the field integral of od

obn
which is a source of computational

burden. To compute such a term, each internal grid node must
be associated with its distance from the wall and the variations
of all these distances must be computed, using for instance, finite
differences. Apart from the extra computational cost, the computa-
tion of this field integral is a source of numerical error. In contrast,
when termA1 in Eq. (25) and termA2, termA3 in Eqs. (30) and (31)
were omitted, the resulting derivatives were very close to those
computed by freezing the turbulent viscosity and these terms
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. 8. Since the vertical axis scaling and bounds are identical, differences between the
n a single figure. Captions for the left and right figures are as in Fig. 4.
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djoint ~ma (right) distributions normal to the wall, at the maximum bump height
non-dimensional yþ distance from the wall.
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Fig. 11. Case study 3 (90� elbow duct): sensitivity derivatives dJ
dbn

, where bn stand for
the normal displacements of the solid wall grid nodes. Derivatives computed using
the three methods previously used in Fig. 3 (same notations). The Reynolds number
is Re ¼ 1:2� 105.
are, thus, of primary importance for getting highly accurate
derivatives.

The previous analysis showed that, if the exact gradient of J is to
be computed, it is important to solve the adjoint to the turbulence
model equation and use the adjoint turbulent variable ~m in the
adjoint to the mean-flow equations and the outlet boundary
conditions for the adjoint variables (termA1 in Eq. (25), termA2
and termA3 in Eqs. (30) and (31)). In contrast, termB in Eqs. (33)
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or (39) proved to be non-important at all. To further understand this
conclusion, we omitted each one of the three terms (termA1, termA2
or termA3) at a time. From the comparison shown in Fig. 5, it is evi-
dent that maintaining termA1 in the adjoint to the mean-flow equa-
tion is important, even if the outlet adjoint boundary conditions do
not include the effect of ~ma.

Fig. 6 shows the transversal profiles of ~m and ~ma (for the afore-
mentioned four computations) at a longitudinal position slightly
upstream of the separation. Only the run in which termA1 in Eq.
(25) was omitted fails to reproduce the ~ma transversal distribution
computed by the proposed method. In this case, the erroneous
overshooting of ~ma in the vicinity of solid walls affects the solution
of the adjoint to the mean-flow equations. Fig. 6 reconfirms the dif-
ferences observed in Fig. 5.

As shown in Fig. 7, a few extra computations were made to
investigate the Reynolds number effect on the predicted sensitivity
derivatives. Apart from the previous Reynolds number ðRe ¼ 2�
104Þ, we re-examined the same case for Re ¼ 2� 105 and Re
¼ 1000, by re-adjusting the grids in order to have proper yþ values
at the first nodes off the walls. In the low Reynolds number (which
was, however, examined by using the turbulence model) the use or
not of the adjoint to the turbulence model equation is irrelevant. In
contrast, the frozen turbulence assumption gives quite different
derivatives with respect to the present method when the Reynolds
number is quite high.

The second case study was concerned with the turbulent flow in a
straight duct with a bump. The Reynolds number, based on the inlet
height, was equal to 1� 106. A structured grid with 260� 180 nodes
was used. Here, also, the bn are the normal to the solid walls displace-
ments of grid nodes. In Fig. 8, sensitivity derivatives computed using
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the same three methods as in the previous case, are shown. To have a
clear picture of the difference among the three methods, only a few
consecutive points (nodes) on the abscissa are plotted. The proposed
method perfectly matches the outcome of direct differentiation. In
contrast, the frozen turbulence assumption leads to considerable
underestimation of sensitivity derivatives.

In the same case, we re-investigated the relative importance of
the terms introduced in Eqs. (25), (30), (31) and (33) in terms of the
adjoint turbulent variable ~m, as in the previous case, and the corre-
sponding results are shown in Fig. 9. From this figure, it is con-
firmed that the omission of termB in Eq. (33) does not harm the
computed derivatives. Also, the sensitivity derivatives tend to the
values produced by the zero turbulent viscosity variation assump-
tion if termA1 in Eq. (25) and termA2, termA3 in Eqs. (30) and (31)
were omitted. In this case, the conclusions are the same as in the
previous one. In Fig. 10, distributions of ~m and its adjoint ~m, along
the normal to the wall direction, at the maximum bump height
(minimum cross-section) are shown.

Finally, a series or runs on a third geometry, namely a 90� elbow
duct with constant cross-section was carried out. One of the pur-
pose of these studies was to re-investigate the Reynolds number
effect on the predicted sensitivity derivatives. Three different Rey-
nolds numbers based on the inlet height ðRe ¼ 1:2� 105; 3:5�
104 and 5� 103Þ were studied. Here, also, the bn were the normal
to the solid walls displacements of grid nodes, though the com-
puted sensitivities are plotted every 10 grid nodes. In Fig. 11, for
Re ¼ 1:2� 105, sensitivity derivatives computed using the same
three methods as in the previous cases, are shown. The proposed
method perfectly matches the outcome of direct differentiation
whereas the frozen turbulence assumption leads to underesti-
mated sensitivity derivatives.

Fig. 12 reconfirms previous findings concerning the role of ~m in
the adjoint to the mean-flow equations, the adjoint boundary con-
ditions and the gradient expression. It is shown, once more, that
including the two ~ma-depending terms (boundary and field inte-
gral) in the gradient expression is almost needless; in contrast, it
is important to maintain the ~ma-depending term in the mean-flow
equation.

The same runs were repeated twice for the other two Reynolds
numbers and these are shown in Fig. 13. From this figure, one may
see that (as expected) the frozen turbulence adjoint method devi-
ated much less from the variable turbulent viscosity computation
results as the Reynolds number was decreased.
6. Conclusions

A continuous adjoint approach for the complete system of state
(mean-flow and turbulence) equations, for incompressible fluid
flows, leading to accurate sensitivity derivatives, was presented.
The Spalart–Allmaras turbulence model was used to effect closure;
other turbulence models could also be used, after deriving the cor-
responding equations. The presented adjoint formulation may cov-
er the computation of exact sensitivity derivatives for any integral
functional. Here, the mass-averaged loss in total pressure was
used, the minimization of which is a common objective in internal
aerodynamics. Even though the objective function consists of inte-
grals along the inlet and outlet, the sensitivity derivatives are ex-
pressed by line/surface integrals along the solid walls, with an
additional field integral due to the fact that the Spalart–Allmaras
model involves the nodal distances d from the walls. In the exam-
ined cases, the shape controlling variables were the normal dis-
placements of the solid wall nodes. However, as shown, the
extension to shape parameterization techniques is straightforward.

The gain from the additional use of the adjoint to the turbulence
model equation is noticeable if, in particular, a functional that is
heavily dependent on turbulence (such the total pressure losses)
is used. Compared to ‘‘reference” sensitivity derivatives deduced
by direct differentiation, the proposed adjoint approach produced
almost identical sensitivity derivatives whereas the standard sim-
plification (frozen-turbulence adjoint approach) led to deviations
in the gradient values. Based on the examined cases, it was shown
that the terms that make this difference appear in the adjoint state
equations and their boundary conditions as functions of the adjoint
turbulent viscosity. The adjoint turbulent viscosity affects also the
expression of the sensitivity derivatives by two extra terms which
have negligible effect on the gradient and can, thus, be omitted.
This omission is computationally convenient since we omit a term
which (a) is the only field integral and (b) depends on dd

dbn
.
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