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Summary

Solar powered cars may never be practical. Nevertheless, in the bo@eSMar
Challenge the Hondaream carried two people 30B®n across Australia at an average
speed of 9km/h, powered only by sunlightoy clearly dort need a 250Ky machine
powered by polluting fuels to get you to work and back each day

The Australian Aurora 101 solar powered car requires less thaW\260@ower to travel
at 10kkm/h. To achieve such high performance the car has high aerodyndicienes;
motor eficiency greater than 98%, low rolling resistance tyres, and weighs less than
280kg with the driver in it. The engy used to propel the car is generated by
high-eficiency photovoltaic cells

Another key to achieving high performance igcefnt enegy management. The car has

a small battery that can store enough @néo drive the car about 2kt at 10km/h.

Enegy stored in the battery can be used when extra power is required for climbing hills
or for driving under clouds. More importantBnegy stored while the car is not racing

can be used to increase the average speed of the car

How should the battery be used? The motivation for this problem was to develop an
enegy management strategy for the Aurora solar racing team to use irotlteSblar
Challenge, a triennial race across Australia from Darwin to Adelaide. The real problem—
with weather prediction, detailed models of the car and numerous race constraints—is
intractable. But by studying several simplified problems it is possible to discover simple
rules for an dicient enegy management strategy

The simplest problem is to find a strategy that minimises theyneguired to drive a
car with a perfectly étient battery and a constant drivéi@ency. The optimal strategy
is to drive at a constant speed. This is just the beginning of the solar car problem, however
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More general problems, with more general models for the batiérg system and solar
power can be formulated as optimal control problems, where the control is (usually) the
flow of power from or to the batterBy forming a Hamiltonian function we can use
Pontryagins Maximum Principle to derive necessary conditions for an optimal strategy
We then use these conditions to construct an optimal stratkg\strategies for the

various simplified problems are similar:

* On alevel road, with solar power a known function of time, and with a
perfectly efficient drive system and battery, the optimal strategy has three
driving modes: maximum power, speed holding, and maximum regenerative
braking.

» If the perfectly efficient battery is replaced by a battery with constant energy
efficiency then the single holding speed is replaced by two critical speeds. The
lower speed is held when solar power is low, and the upper speed is held when
solar power is high. The battery discharges at the lower speed and charges at
the higher speed. The difference between the upper and lower critical speeds
is about 1&m/h. There are precise conditions for switching from one mode
to another, but small switching errors do not have a significant effect on the
journey.

« If we now change from a level road to an undulating road, the optimal strategy
still has two critical speeds. With hills, however, the conditions for switching
between driving modes are more complex. Steep gradients must be
anticipated. For steep inclines the control should be switched to power before
the incline so that speed increases before the incline and drops while the car
is on the incline. Similarly, for steep declines the speed of the car should be
allowed to drop before the decline and increase on the decline.

« With more realistic battery models the optimal control is continuous rather
than discrete. The optimal strategy is found by following an optimal trajectory
in the phase space of the state and adjoint equations. This optimal trajectory
is very close to a critical point of the phase space for most of the journey.
Speed increases slightly with solar power. As before, the optimal speed lies
within a narrow range for most of the journey.

» Power losses in the drive system affect the initial power phase, the final
regenerative braking phase, and the speed profile over hills. The optimal
speed still lies within a narrow range for most of the journey.
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» With spatial variations in solar power it is possible to vary the speed of the car
in such a way that the extra energy collected more than compensates for the
extra energy used. Speed should be increased under clouds, and decreased in
bright sunlight. The benefits of ‘sun-chasing’ are small, however.

» Solar power is not known in advance. By modelling solar power as a Markov
process we can use dynamic programming to determine the target distance for
each remaining day of the race. Alternatively, we can calculate the probability
of completing the race at any given speed.

These principles of &€ient control have been used successfully since 1993 to develop
practical strategy calculations for the Aurora solar racing team, winner of the @b W
Solar Challenge.
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Introduction



1 Motivation

In November 1996 the Hondaeamtransported two people 3000km across Australia in
four days, at an average speed of 90km/h. It used abk\WH0f electrical engy for

the trip from Darwin to Adelaide. From the electricity grid this ggevould have cost

about $6; th®reamgenerated its own electricity from sunlight. For the same trip, the
support cars and vans travelling with the team would each have used fuel costing $200—
$450.

The following table compares the Horldeeam(Roche et al 1997) to a popular 4WD.

solar car 4WD
mass (kg) 167 2400
peak power (kW) 6 160
size (m) 6x2x1.1 48x19%1.9
occupants 2 ‘enough space for a

family outing or a
meeting on the
fly’... but usually just
one or two people

power required to drive at 1 ~18
80km/h (kW)

Darwin to Adelaide fuel ~ $6 worth of $430 of petrol
cost ($) electricity—no cost

Table 1-1:The Honda Deam compaed to a popular 4WD.

Solar cars may not be practical, but do we really need 2.4 tonnes of machinery to take us
to work each day?



2 Solar cars and the Wrld Solar Challenge

Every three years teams from all over the world come to Australia to race solar powered
cars across the continent from Darwin to Adelaide—a distance of ovekrB0Ube solar

cars use panels of photovoltaic cells to convert sunlight into electrical power that drives
an electric motor connected to the wheels. The race rules specify maximum dimensions
for the car and for the solar panel. Up oM of electrical engy may be stored in
batteries. The cars start the race with full batteries—enougiyetodravel about 30

at cruising speed. The eggmrequired to complete the race must be obtained from the sun.
To be competitive, the cars must use the availablggereficiently as possible.

2.1 Solar cars

A solar car is a special type of electric,agith photovoltaic cells on the upper surface of
the car to generate the egyerequired for long trips.

Figure 2-1:The Auora 101, winner of the 1999dNd Solar Challenge.
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,___-——-k.

\
motor controller |

Figure 2-2:Electrical power generated by photovoltaic cells on the upper
surface of the car is used to drive an ultra-efficient electric motor built into
the fiont wheel. Engyy can also be sted in batteries, in this case silvaeinc
batteries.

The main components and power flows in a solar car are indicated in Zgure

Solar panel

The solar panel is made from hundreds or even thousands of photovoltaic cells. Each cell
converts sunlight to electrical powd@ihe eficiency of the conversion process ranges

from 15% up to 24% for the best cells. On a clear @i the sun directly overhead, the
sunlight falling on the eartd’surface has a power of about 100602 A typical

commercial cell is 108im square with an ffiency of 15% and generates a current of 3
amperes at 0.5 volts, giving JAbof power

The photovoltaic cells are connected in series and parallel to form anfaparyel with
an area of 812 will generate around 1200@—enough power to run a toaster

The cells on the Aurora 101 were made by the Photovoltaics Special Research Centre at
the University of New South 8les, and are over 20%iefent. The encapsulation has
deteriorated since 1996, when the panel was built; for the 19818l 8blar Challenge the

panel generated about 1300W

Motor

The car is propelled by an ultrafiefent electric motarMotor eficiency for the fastest

cars is in the range 95-98%, compared to around 50% for the motors commonly found in
household appliances. Solar car motors are usually brushless DC motors with rare-earth
permanent magnets. An electronic controller switches the current from one motor
winding to the next. The combinediefency of the motor and controller can be as high

as 96%.
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Since 1993, motors that connect directly to a wheel have become p&§oufer are even
built into wheels. The advantage of a wheel motor is that it does not require a
transmission. Drive systems with a belt or chain transmissider stdnsmission power
losses of about 5%.

The Aurora 101 uses a wheel motor developed by the CSIRO and the University of
Technology Sydnewvith a peak diciency of 98%

Battery

A solar car could operate without a battery; the power from the solar panel would be
applied directly to the wheels. But a batterfers important advantages. First, it allows
enepy to be collected when the car is not being driverh &lage enough battery

enepgy can be collected for up to 14 hours each dhg enayy collected during this

extended period can be expended during a shorter time interval when the car is being
driven, increasing the average power available while driving. A second important
advantage of having a battery is that excess solar power can be stored in the battery then
used later when extra power is required for climbing hills or for driving under clouds.

Without a battery there is only one sensible gnenanagement strategy—use all the
available power whenever possible. A battery allows other driving strategies to be used.
The problem addressed in this thesis is to find the best strategy

In the 1996 Wirld Solar Challenge the top cars used siziac batteries. In 1999, most
of the top cars used lithium ion batteries.

Mechanical efficiency and aesvdynamics

To make the best use of the agyecollected by the solar panel, the car must befiageat

as possible. At 1ddn/h, over 75% of the power applied at the road will be used to
overcome aerodynamic drag. The rest is used to overcome rolling resistance in the tyres
and bearings.

Aerodynamic drag is minimised by careful design of the car shape and the smoothness of
the surfaces. Roche et al (1997) give nine rules for minimising drag:

1. flow should be attached over every surface of the car;
2. wetted area should be minimised (without detaching the flow);
3. laminar flow should cover as much of the car as possible;

4. all surfaces should be as smooth as possible;
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5. the car should produce zero lift;

6. wing tip drag should be minimised by thinning and rounding the edges of the
car;

7. frontal area should be minimised;

8. interference drag should be minimised foy example, fairing the joints
between wheel spat and the main body; and

©

ventilation drag, caused by air flowing through the slaould be minimised.

(Flow is attached if air moving close to the surface of the car stays close to the car until it
leaves at the tail. Flow is laminar if the flow is in smooth layers, as opposed to turbulent

flow. The wetted area is the surface area of the car that is in contact with the surrounding
air flows. A wheel spat is an aerodynamic cover surrounding a wheel.)

The Aurora car has been tested in a full-size wind tunnel at speeds up to 140km/h. It has
attached flow over every surface, and the flow is laminar along the edges of the top for
over 3m (Watkins et al 1998).

Tyre and bearing resistance are minimised by careful design and by minimising the mass
of the car Solar car bodies are usually built from light-weight materials such as
honeycomb or foam sandwiched between layers of carbon fibre citttam8g driver

and 4&g of batteries, the Aurora 101 has a mass of about 300kg.

The Aurora 101 requires about 199®f power to drive at 1ddn/h. The solar panel can
generate about X®Vh of enegy during a dayAllowing for enegy losses in the battery
the car could drive about 600km at k@@h each day

Driving a solar car

Driving a solar car is easier than driving a conventionalleanost solar cars the driver

uses a rotary knob to set the desired speed, and the motor controller automatically adjusts
the power applied to the motor to keep the car at that speed. The electrical circuit is such
that if more power is required than is available from the solar panel, it is drawn from the
battery Similarly, any excess power from the panel is stored in the baiamwng at a
constant speed is veryfiefent, and so the default control system for most solar cars is

also the best possible.
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2.2 The World Solar Challenge

In 1982 Hans Tholstrup and Larry Perkins drove the ‘Quiet Achiswdar car 400@m
across Australia, from Perth to Sydn&he journey took 20 days. At the end of the
journey several people were quick to point out deficiencies in theiHears threw the
challenge back at them, andyanised the first Wfld Solar Challenge for October 1997.
The race has been run every three years since.

A book by Tuckey (1989) describes the development of the General Matonsycer
winner of the first Wrld Solar Challenge in 1987. Kyle (1991), Storey et al (1994) and
Roche et al (1997) have each prepared excellent reports on the 1990, 1993 and 1996 races.

The main rules for the Wld Solar Challenge are outlined below

Vehicle specifications

» Apart from the initial battery charge, solar irradiance is the only power source
that may be used to power the car.

e The car must fit inside a rectangular bax éong, 2n wide and 1.6 high.
The driver's eyes must be at leastrd.@bove the road.

* The cars must pass a safety inspection before the race; this safety inspection
includes a stability test and a brake test.

» A single-seater car must carry a driver with a mass no less tkgna0
two-seater car must carry two people with a combined mass no less than
160kg. Bags of lead shot are used to ballast each occuparkgo 80

Solar collectors

» Solar collectors may be constructed in any way. For a single seater car the
solar collector must fit in a 4 x 2m x 1.6m rectangular box, and must fit
within an 8n? rectangle. For a two-seater car solar power may be obtained
from the entire surface of the car.

* When stationary, the height of the solar collector must not exceed 2.5

Battery

» Fuel cells, which convert liquid or gaseous fuels directly to electricity, are not
allowed.

» The batteries must be rechargeable.
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» Batteries may be charged from the solar collector between sunrise to sunset,
and by regenerative braking while the car is moving.

* A flywheel is considered to be a battery.
* The car must travel the entire route with the same batteries.

* The maximum allowable battery mass depends on the type of battery. The
battery masses correspond to a nominal energy contekW\ii:5

* silver-zinc and experimental batterieskgO
* lead-acid: 12&g
* nickel-zinc: 7%g

» nickel-cadmium and nickel-iron: 180.

The race

* The race is over a 308 course from Darwin to Adelaide. The cars start
together on the first day. The first car to Adelaide is the overall winner.

« Cars may be driven only between &@®and 5.0pm each day. A ten minute
grace period after 5.@0m. allows teams to find a suitable place to stop. The
next day, the start is delayed by the extra time used.

» The car must stop at eight specified locations for thirty minutes each. These
stops are for media publicity, race control, and to allow participants to refuel
their conventional cars.

* An observer travels with each team.

2.3 Prvious race esults

The following table shows the average speeds of the fastest five cars in each of the races
up to 1999. The speed of the fastest car has increased frokm@ie, &chieved by the GM
SunRaycemn 1987, to 89.Bm/h achieved by the Hondizreamin 1996.
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Place 1987 1990 1993 1996 1999

1 66.9 65.2 85.0 89.8 73.0
2 44.5 54.7 78.3 86.0 72.1
3 42.9 525 70.8 80.7 71.9
4 36.9 52.4 70.4 66.7 71.3
5 31.5 51.4 70.1 64.9 67.9
Mean: 44.5 55.2 74.9 77.6 71.2

Table 2-1:Speeds of the fastest five cars, in km/h, for each of the races up to
1999. The 1999 race had #& days of heavy cloud.

2.4 Aurora Vehicles

The research work described in this thesis was done in collaboration with the Aurora
Vehicles Association. Aurora was formed by a group of enthusiasts, many of them
engineers at Ford Australia, who had previously built and raced cars in the Shell Mileage
Marathon; during the 1989they held the world record three times. Since 1987 the team
has concentrated on racing solar cars, and has continued to excel:

* in 1987, as the ForBunchaseteam, Aurora came second overall and first
amongst the Australian teams;

* in 1990, as the AERL team, Aurora came sixth overall and first amongst the
Australian teams;

e in 1993, with the Auror®1 car, the team came fifth overall and was once
again first amongst the Australian teams;

* in 1994, the team drove tlagl from Perth to Sydney in 8 days, breaking the
previous record of 20 days set by Hans Tholstrup and Larry Perkins in 1982;

e in 1996, with the Aurora 101, the team had to withdraw from the race after
only 32km when a brake failure caused the car to crash;

e in 1999, the Aurora 101 was the winner of the 1999 World Solar Challenge;

e in 2000, the Aurora 101 was driven &m0 from Sydney to Melbourne in a
day.

The driving strategies described in this thesis were first used by Aurora for the 493 W
Solar Challenge, and have been developed and adapted for subsequent events.
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2.5 Electric and hybrid cars

Solar cars may never be practical, but electric cars will be. By removing most of the solar
cells from solar cars and connecting them to the electricity grid it is possible to make
smaller more aerodynamic cars, and at the same time make better usggpigamarated

by flatter panels pointed more directly at the sun. g3nisrfed into the electricity grid by

the photovoltaic panels, and drawn from the grid to rgehtire electric car

Electric cars are already practical. Based on their experience in the Dolgi7Salar
Challenge, General Motors have developed the Impact electriOttar major car
manufacturers are also building and selling electric cars.

One of the main problems with electric cars is their limited range compared to petrol cars.
Petrol burned in a conventional engine has a net specifgyesieabout 280Wh/kg; that

Is, each kilogram of fuel burned produces about 2800Wh of usefgyehead acid

batteries have a specific eggof just 35Wh/kg. More advanced, experimental batteries
such as lithium ion batteries have specific giesrof 12%h/kg. Zinc-air batteries have

a specific engy of 223Nh/kg, but must be returned to a factory to be reggdhrFuel

cells that convert fuel directly into electrical ememay eventually overcome the emer
storage problems.

An alternative to the pure electric car is the hybrid where a small combustion engine
and generator supplement the batterieishd\it a direct connection to the wheels, the
engine can be operated much mofeieitly than in a conventional cdn late 1997
Toyota launched the Prius, a hybrid car that uses half the fuel of a similar car with a
conventional drive system.

Since 1991 the Rocky Mountain Institute (http://wwmi.org/) has been developing the
concept of a ‘hypercaran aerodynamic car made from lightweight composite materials
and with a hybrid electric drive system. Theguws that such a car could have 4 to 8 times
the eficiency of a conventional carhe combustion engine and batteries could eventually
be replaced by fuel cells. Commercial car makers have now started implementing these
ideas.
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2.6 Using energy wisely

The aim of the work described in this thesis was to devefmpeat enegy management

strategies for a solar caithe same technigues can be used to develogyemamagement

strategies for a wide range of systems. In fact, the techniques described here were
developed from earlier work onfieient driving strategies for suburban and long-haul
trains (Howlett & Pudney 1995).

Until an abundant, lightweight, clean source of gnés found, dicient enegy
management will play an important part in reducing the dangerous pollutants we generate
by burning fossil fuels.



3 The reseach problem

How should engyy be managed to maximise the performance of a-polaered car?
How should the car be driven? How should the power flow between the solar panel,
enegy storage system and drive system, and within thegrs¢orage system?

Figure3-1 shows the power system for a hypothetical solatlrdike the solar car
described in the last chaptérhas more than one eggrstorage device and it has an
enegy management controller for controlling power flows.

In 1993 Aurora ¥hicles reasoned that only half of the allowable battery capacity would
be rechaged, so they replaced half of their lead-acid battery pack with much Jighter
non-rechageable lithium cells. The ®Bvld Solar Challenge rules were subsequently
changed to allow only rectggable batteries. Nevertheless, by mixing storage devices
with different characteristics it may be possible, with the rightggnmanagement
strategyto achieve better ergr storage diciency than with a single storage device. For
example, supercapacitors are relatively heavy but véoyesit. For journeys where the
power cycles in and out of the storage system, a supercapacitor can be used to reduce
power losses in a lesdiefent battery

Solar panel
control

Energy Management
Controller

i I Drive system

Energy storage system

\

Figure 3-1:The power system for a solar caihe dark arows epresent
possible curent flows. For convenience, we can consider the power
associated with these cemnt flows as ‘power flows'.
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For a conventional solar car with a single ggestorage system, a single control is
required—either the power to the motarthe power from the battetysually the driver
controls the power to the mot@nd the battery makes up thefeliénce between the
motor power and the power from the solar panel.

For a car with two engy storage systems, two controls are required. The controls can be
either both storage powers, or the motor power and one storage poaeractical

system the driver would control the motor power and theggmaanagement controller
would automatically control the power mix from the two storage devices. For calculating
the optimal strategyhoweveyit is often more convenient to consider the two storage
powers as the controls.

Under certain conditions it may be prudent to transferggrfesm one battery to another

For example, consider a car with two batteries; battery A can deliver high power but for
short durations on)yvhile battery B can only deliver low powéut for longer durations.
Following a period of high power use the controller can slowly rgehaattery A from
battery B.

In the remainder of this thesis | formulate and solve problems associated with finding the
best way of operating a solar powered Gée aim is to develop practical control

strategies that can be applied not only to solar cars, but also to lightweight electric cars
and to other renewable eggrsystems. The problems are formulated as mathematical
control problems, and solutions found by applying the standard techniques of optimal
control. By starting with simple versions of the control problem and gradually refining the
models used to formulate the problem we get valuable insight into the problems and the
solutions.



PART TWO

Modelling the problem



4 Solar power

Irradiance is a measure of the power per unit area received from the sun, and is measured
in Watts per square metre (W"’f)1 The irradiance at the surface of the earth depends on
many factors, including the relative positions of the sun and earth and the trasmissivity of
the atmosphere. In this chapter we develop a practical scheme for calculating solar
irradiance profiles.

We also show that to maximise the gyecollected by a \Wld Solar Challenge cathe

car should have a box-shaped panel that fills the allowable volume for.tlé# caurse,

the increased aerodynamic drag on such a car would completely overwhelm the increased
power Clearly there is a compromise shape that will maximise the performance of the car;
finding it is beyond the scope of this work.

4.1 Solar irradiance

The cleassky irradiance falling on an inclined plane is usually modelled as having three
components: beam irradiance that travels in a straight line from the $use difadiance
from a uniformly bright skyand irradiance reflected from the ground. The geometry is
illustrated in Figuret-1.

plane normal

zenith

sun

Figure 4-1:Geometry for calculating the total irradiance on an inclined
plane.
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Total irradiance on the plane is given by

1+ cosf3 1- cosB}

| = [|bcose]++|d[2]+[|b+|d]p[2 4.1)

wherel, is beam irradiance normal to the be&nis the angle of incidence of the beam,

| 4 is diffuse irradiance on a horizontal plafeis the inclination of the plane, apdis
ground reflectance (Dii¢ & Beckman 1980; Frick et al 1988). The subscript ‘+’ on the
first term indicates the positive part of the term; that is, the term is included only if it is
positive.

Clearsky beam irradiance is given by
lpe = Iorb

wherel 0 is extra-terrestrial irradiance amg is beam transmittance. Rike irradiance is
assumed to be distributed uniformly over the, sid for a horizontal plane is given by

lge = IordcoseZ

WhererOI is diffuse transmittance ar@ is the angle between the sun and the zenith.
Duffie & Beckman (1980) give empirical formulas for calculatthandtd based on
time of yearlatitude, climate and elevation.

The sky is not usually cleak more convenient model, used by the Aurora team, uses

Iy = Bl (4.2)

lq = Blye

whereB is an estimated ‘brightness factorhe instantaneous brightness factor can be
calculated by dividing the measured irradiance by the calculatees&lparadiance.

Frick et al (1988) has historical irradiance data for five locations on or near the Stuart
Highway: Darwin, Alice Springs, Oodnadattapthera and Adelaide. The mean
irradiance on a horizontal plane during October—November is shawigure4-2.

Daily irradiation for each site can be found by integrating irradiance with respect to time.
We can then find the historical brightness factor for each location by dividing the
calculated cleasky daily irradiation by the historical daily irradiation. In Chapter 18 |
describe a scheme for predicting brightness based on observed daily irradiation.
Irradiation observations are available each evening from airport meteorolo§jozs of
Darwin, Alice Springs and Adelaide, or from an irradiation map based on satellite
observations.
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— Darwin
— Alice Springs
Oodnadatta
— Woomera
— Adelaide

Irradiance (W/m)
a1
o
o

8 9 10 11 12 13 1415 16 17
Central Standard Time (hours)

Figure 4-2:Historical mean solar irradiance on a horizontal plane for
October—November at five locations along the Stuart Highway

4.2 Photovoltaic cells

A solar panel uses photovoltaic cells to convert solar irradiance to electrical poeer

power generated by the panel depends on several factors, including the temperature of the
cells and the current drawn from the panel.

Temperature

The eficiency of the panel decreases as the panel temperature rises, and can be modelled
by

N =nyll-a(Tp-Ty]
whereT, is the temperature of the panel in degrees Celsiusa temperature

coeficient, anohO is the eficiency of the panel at temperattrg. The eficiency of a cell

might drop from 17% at 25°C to 16% at 45°C. The temperature of the panel is modelled
by the equation

whereT , is the ambient temperature in degrees Celsius the apparent wind speed and
| is solar irradiance, and Whe&? = 0.0138, 6, = 0.031 and 6, = 0.042 are

A
constants obtained from experiments. The power from the panel is

Pp = Aol

whereA,, is the area of the solar panel.
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Figure 4-3:The elationship between
current| and voltageV for a solar cell.
The dotted lines indicate the voltage and
current coresponding to maximum power
»\/ which is given by the aa of the ectangle.

Curr ent

As the current drawn from a photovoltaic cell increases the cell voltage decreases, as
shown in Figure4-3. With no current being drawn, the panel voltag¥ js. As the

current increases tQ. the voltage drops to zero. At some point on the current-voltage
curve the power is maximised.

Solar cells are connected in series strings to give a more convenient voltage. The string
current will be the minimum of the individual cell currents; the string voltage will be the
sum of the individual cell voltages. The relationship between voltage and current for a
string is similar to that for an individual cell.

Solar cars are usually equipped with a maximum power point tracker for each string.
These devices are DC-DC power converters that match the optimal string voltage to the
voltage required by the load. A good tracker will have &nieficy greater than 98%.

4.3 Panel shape
What shape should a solar panel be to maximise thgyeoeltected in a day?

Consider a simpler problem with the sun moving in a plane and the panel described by a
curve in the same plane, extruded one unit perpendicular to the plane as shown in
Figure4-4. This problem is a reasonable approximation to the situation inatié 86lar
Challenge, where the car travels roughly south as the sun moves overhead across the sky

Figure 4-4:A simple extruded panel. The
sun moves in the same plane as the
rectangleWH.
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beam

Figure 4-5:The light falling on an element
of the panel can be modelled as having
three components: beam irradiance that
travels diectly flom the sun, diffuse
irradiance from a uniformly bright sky
and reflected irradiance &m the gound.

diffuse

reflected

from east to west. Wwish to design a panel that maximises theggneollected as the
sun moves across the skjne panel must fit within a rectangular box of widihheight
H and unit depth.

Figure4-5 shows the three types of light falling on an element of the panel. For a concave
panel the irradiance at any point on the panel is gived . If any part of the panel is
convex then some of the filite and reflected light will be obscured, and calculation of
the irradiance on the panel becomes mofrecdif. Non-concave panels will not be
considered.

Consider an element of a concave panel illuminated by a beam with unit width and depth
and irradiance ), as shown in Figuré-6. The beam illuminates an element of unit depth
and lengtH = cosB, wheref is the angle between the element normal and the beam. The
power generated by the element is the area of the element multiplied by the first term of
(4.1); that is,

Py = llgcosd = I,.

The power collected from a beam is therefore related only to the area and irradiance of the
intercepted beam, and not to the shape of the pamehakimise the engy collected

from beam irradiance during a day the panel should be constructed so that the area
intercepted is maximised for every an@@ [-TV 2, /2] . The required shape that

meets the height and width constraints is three sides of a rectangle. For any other concave

Figure 4-6:Interception of beam with unit
8 width and depth by an element of a
| = 1/ cosB concave panel.




Solar power 20

Figure 4-7:The optimal concave panel

shape is thee sides of aactangle.For any

other concave shape we can find a point

whee the height is less than the height of
5, the rectangular panel, then construct a
tangential beam angl@_ for which the
beam aea intecepted is less than the
beam aea intecepted by theectangular
panel. The shaded @a of the diagram
shows this diffance.

\
\

shape we can find an andglefor which the beam area intercepted is less than that for the
rectangular panel, as shown in Figdré. By continuity the beam area intercepted will
also be less for surrounding angles, and so the beagyas@lected by the lower panel
during a day will be less than that collected by the rectangular panel.

To calculate the &ct of panel shape on tlite and reflected emgr collection we will
describe the concave shape of the panel by a non-decreasing funstich thatv(l) is
the width of the panel when the length around the perimetgassshown in Figuré-8.
This model has two nice features: it can describe vertical sides, anccddfias w'(l).

From (4.1), the dftise irradiance at any poiht] [0, L] is

The power collected by the panel fromfaisie light is therefore

L

Py = J'ID(I)dI
0

|
= SIL+w(L)].

For a given length of panel, to maximise théusi& power collected we should maximise
the width of the panel. The rectangular panel has maximum width, and therefore
maximises the difise enggy collected in a day

Figure 4-8:The shape of a concave panel
can be described by a non-deasing
functionw whee w(l) is the width of the
panel at a given lengtharound the
perimeter
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The power collected by the panel from reflected light is

L
D, :J'[Ib+ld]p[l_;v'(l)}dl
0

_ [lp*+lglpP

5 [L=-w()].

For a given length of panel, to maximise the reflectedygrailected we should
minimise the width of the panel; that is, we should maximise the height. The rectangular
panel is as high as is allowed, and so maximises the reflectey endected in a day

In three dimensions, the optimal rectangular panel corresponds to a rectangular box with
photovoltaic cells on each of the five faces visible from the@kgourse, the

aerodynamic diciency of a box is dreadful. There is clearly a compromise between
aerodynamic diciency and panel shape, but finding it is beyond the scope of this work.

Examples

In the following examples the solar irradiance parameters are based on empirical data
from Duffie & Beckman (1980). They are:

Iy = 1397

-0.3682/ cos@
t, = 0.1522 + 0.726%¢ z
ty = 0.2710-0.2939t,
p =202

Each panel must fit into a rectangular box 2m wide, 4m long and 1.5m high.

Sunrise is at 5.30am (solar time), and sunset at 6.30pm. Power is collected for 9 hours
between 7.30am and 4.30pm. These solar times are good approximations to the sunlight
and race times for the&id Solar Challenge. Note, howey#rat the results are for clear
skies, not average skies. The two panels evaluated are shown ind~jure

Panel outputs are shown in Figures 4-10 andl.4Fthe rectangular panel collects a total

of 19.1 kWh—1.6 kWh from the top and 3.7 kWh from each of the sides. The inverted-V
collects a total of 14.4 kWh—7.2 kWh from each side. A flat panel would collect the same
as the top of the rectangular paneli-6lkkWh.
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Figure 4-9:The ectangular and inverted-V panel shapes used to ceergraegy
collection.
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Figure 4-10:Output power for theactangular panel.dtal enegy collected is
19.1kWh. A flat panel would collect BkWh.
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Figure 4-1: Output power for the inverted-V panebtdl enegy collected is
14.4kWh. A flat panel would collect BkWh.
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5 Energy storage

The most common engy storage device for solar and electric vehicles is a balitethyis
chapter we will examine some models of storage batteries, and develop a model for the
silver-zinc battery used in the Aurora 101 solar car

5.1 Electiochemical cells and batteries

An electrochemical cell is a chemical device capable of storing and releasing electrical
enegy. While dischaging, chemical reactions within the battery causegshay flow

from one electrical terminal to the othBuring chaging the chage flow and chemical
reactions are reversed, and electrical gnes converted back to chemical emer

A battery is a series of one or more electrochemical cells. Each cell consists of a pair of
electrodes immersed in an electrolyte. Fightkis a diagram of a lead-acid battétgch

cell contains a positive electrode containing lead dioxide {P&@ a negative electrode
containing spongy lead (Pb). The two electrodes are immersed in an electrolyte of dilute
sulphuric acid (HSGQy). In solution, the sulphuric acid dissociates into negative sulphate
ions (SQ™) and positive hydrogen ions {H

— load —

2e A Y 2e

Pb ~Znions~ PbG,

H,S0y

Figure 5-1:An electochemical cell. The cell is composed of two half-cells at
different potentials. Electins flow though the load fsm one half-cell to the
other while anions flow tlmugh the electde to maintain the balance of
chamge in each half-cell.
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There is continuous transfer of electrons between each electrode and the electrolyte. At
the negative electrode the reaction rates are such that the electrode gains a net negative
chage, electrically balanced by excess anions in the electrolyte. This buildup @ char
causes the reaction rates to approach equilibrium. The ngeabrathe electrode

determines the electrode potential. A similar process occurs at the positive electrode.

If there is a potential dirence between the two electrodes and an external electrical
connection between them then electrons will flow through the load. At the same time
anions flow through the electrolyte so that each half-cell remains electrically neutral.
Current flow causes the half-cell reactions to move away from equilibrium, and the
reactions continue.

During dischaging, the following reactions occur:
* at the negative electrode, Pb +S0— PbSQ + 2

+ at the positive electrode, Ph® H,SOy + 2H" + 2e—» PbSQ, + 2H,0.

During chaging the reverse occurs. The reactions can be summarised as

PbG, + Pb + 2HSO, == 2PbSQ + 2H,0

where the left side corresponds to a fully gealrcell and the right side to a fully
dischaged cell.

Polarisation

As chage flows to or from an electrode the electrode potential changes, causing the cell
voltage to change from the equilibrium electromotive force (emf) whenever current flows.
The operating voltage of the cell is

V=¢g+n

wheree is the cell emf and is the polarisation of the cell. Cell voltage increases from
the equilibrium emf during chging, and decreases during discjiag.

The total polarisatiom can be considered as the sum of three separate polarisations:
activation polarisation, ohmic polarisation and concentration polarisation. Activation
polarisation is caused by rate limiting steps in the reactions or in trgednansfer

processes at the electrodes. The response to a change in current is usually an exponential
increase or deca@@hmic polarisation is due to the electrical resistance of the current paths
within the batteryand changes instantly with current from one constant level to another
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v Figure 5-2:A typical dischage
¢ A polarisation curve. In the first shaded
region the polarisation is primarily
n activation polarisation. In the second

(unshaded)egion the polarisation is
primarily Ohmic. In the finalegion
reactant transport rates cause additional
polarisation.

\/

Concentration polarisation is associated with the transport of reactants and products to
and from the reaction sites. The response to a change in current is complex, and is usually
much slower than the activation polarisation.

A typical dischage polarisation curve is shown in Fig&. The exact shape of the
polarisation curve changes with the chemical state of the battery

Activation rate

The current that can be transferred at an electrode is determined by the rate of the
electrode reaction, also known as the activation rate, and by the area of the interface
between the electrode and the active electrolyte.

If the concentration of the reactants at the electrode surface doederasidifificantly
from the bulk concentrations then the current density at an electrode is given by the
Butler-Volmer relationship

—ankn, (1—0()nFr]6l

whereaq is the transfer coB¢ient, n is the number of electrons transferred in the chemical
reaction,F is Faradays constantn a is the activation polarisatioR is the gas constant,

T is the absolute temperature dgds the exchange current for the reaction (Kirk-Othmer
1991, \incent 1984). This relationship can be used to determine the maximum current
density for an electrode reaction at a specified polarisation.

When the polarisation is less than about -0.05V the second exponential term becomes
negligible, and

—omFr]a

That is,
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ankn

- (5.2)

Inl = InIO—

Equation (5.2) can be rewritten as the well-knowafeTequation for activation
polarisation

n =a-blog,gl

wherea = (2.303RT/anF) log,yly andb = 2.303RT/anF.

Ohmic polarisation

Ohmic polarisation is caused by the internal resistance of the bulk phases within the cell,
and depends on the current paths, cell geometry and characteristics of the electrode
surfaces. The ohmic polarisation in a cell witteefive internal resistand® is given by

Ohms law

Mass transport rate

When the local concentration of a reactarfeds significantly from its equilibrium
concentration the rate of the reaction depends on the transport of that reactant to the
reaction site. flansport of reactants and products occurs dysidn, by migration in a
electric potential field, and by convection.

The polarisation resulting from changes in electrolyte reactant concentration is

RT
Ne = ﬁIn (C/C)

whereC, is the concentration at the electrode surfaceigthe average concentration
in the bulk of the electrolyte (Kirk-Othmer 1991).

A stationary layer model is often used to model the transport of reactants and products. A
thin stationary layer is assumed to extend from the electrode surface into the bulk of the
electrolyte. Beyond this layghe concentration of reactants is uniform. If we assume a
linear concentration gradient across the stationary,l#yetimiting current density for

the difusion of a reactant is given from Fiskaw (Kirk-Othmer 1991, Mcent 1984) by

DnFCg
= —

(5.3)
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whereD is a difusion coeficient, CB is the concentration of the reactant in the bulk of
the electrolyte and is the thickness of the stationary layéfth electromigration, (5.3)
becomes

DnFCB

= 5o

whereT is the transference number of the reactant. The relationship between limiting

current density and concentration polarisation is then given by

_RT, .|
N = ﬁln(l rl)

(Kirk-Othmer 1991).

Capacity
The theoretical capacity of a cell is
Qr = xnF

wherex is the number of moles of reaction associated with a complete djsghas the
number of electrons transferred in the chemical reactiorFasd~aradays constant
(Vincent 1984).

In practice, the rated capacity of a cell is the gbalelivered when the cell is disched
under prescribed conditions to a specified ctixaltage. The capacity of a cell is usually
specified for a given C-rate, where a C-ratp aidicates that the nominal capacity of the
cell, in ampere-hours (Ah), is delivered at a constant rat& fnhours. For example, a
2Ah cell dischaged at C/5 will deliver 0.A for 5 hours.

Energy
The enegy delivered by a cell is

t

E(t) = J'V(T) |(t)dt
0

whereV is the cell voltage antlis the current drawn.

Power

The current drawn from a cell is determined by the external load. The power delivered is



Enegy storage 28

Figure 5-3:A typical power curve. Power
p initially increases with cuent|, but
reaches a maximuiy and then dops as
the cell voltage dips due to polarisation
effects.

\J

P(t) = 1()V(D)

where the cell voltag¥ depends on polarisation losses. A typical power curve is shown
in Figure5-3. Power initially increases with current, but reaches a maximum and then
drops as the cell voltage drops due to polarisatif@tst

5.2 Battery models

For the solar car problem we require a battery model that predicts tge ob@aining in

the battery and battery voltagee\Wo not need the detail described in the previous
sections. In this section we will examine battery models developed by Marr et al (1992),
Protogeropolous et al (1994) and Manwell & McGowan (1993).

Marr et al
Marr et al (1992) model the voltadeof an electric traction battery by

V = V(D) - IR(D)

whereV, is the efective open circuit voltage,is the dischaye currentR is the efective
internal resistance of the batteapdD is the depth of dischge. This model is essentially
modelling ohmic polarisation in the battebyt has the battery erwf; and internal
resistanceR dependant on the depth of disgferThe function®/; andR are obtained
by experiment.

Depth of dischaye is the fraction of the total capacity that has been used, and is given by

t
I
D(t) = 1J’|(r)[1 (O g} it
Co lo
0

wherel , is the nominal dischge rate,C is the nominal battery capacigndg is a
constant determined from dischartests. \Wh a constant dischge current the
dischage timeT that givesD(T) = 1is
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Co
1
I

I[1+( 1)g}

The capacity of the battery with constant disgkamatel is therefore
Co
[1 rg(l -1 J
lo

Rearranging giveg for knownC andl:

C=1T=

C
]

_C
g_ I .
1o

I

Protogeropoulos et al

Protogeropoulos et al (1994) use a more detailed empirical model, and present an
algorithm for predicting battery voltage for piecewise constangehand dischge
currents. Battery voltag¥ is modelled by

V= Vg + Ke(l)log[l - c((gn} +Ry()! (5.4)

where

t

Q) = [II(D)dt
l

is the exchanged clge,

Cy(1)

e, +1

c(l) = (5.5)

is the battery capacitandK, Rg, C;, C,, andCj are battery parameters that depend
on the sign of the battery curreht,The current flowing through the battery is positive
during chage and negative during dischar

Differentiating (5.4) gives
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dv _ K C()C,C3QIC; -1 g di
v C(l)_QP . 2 dJ +Ryll) 5t (5.6)

When the battery current is constadit/ dt = 0 and (5.6) can be written as
av _ K0!
d — ch-Q
They assume that current is piecewise constant, and that ige ch#&ansferred to or

from the battery when the current changes. From (5.4), the change in voltage is

AV = AIRg.

Protogeropoulos et al use these equations to predict the battery voltage profile. Battery
parameters are obtained by fitting curves to experimental data obtained from constant
current chage and dischge tests.

Manwell and McGowan

Manwell and McGowan (1993) use a battery model based on chemical kinetics. They
develop their model in terms of an analogous reservoir system, illustrated in3-iure

The maximum battery chge q,,,,, is represented by the volume of fluid in the two
reservoirs. The chge in the battery at any instantgs= g, +q,, whereq, represents
chage that is immediately available, agglrepresents chge that is ‘chemically bound'.

The conductanck between the two tanks corresponds to the rate of the chemical reaction
and difusion process. The clggsq, andq, are determined by the equations

3?1 = —1-k(1-c) g, + ke,
l1-c c
-« <>
qmax q2 a;
| (T =

current
regulator

Figure 5-4:Manwell & McGowars Kinetic Battery Model (KiBaM). The left
reservoir epresents chae that is bound in the chemistry of the eldgte,
wheleas the right@servoir epresents chaye that is available immediately



Enegy storage 31

and

da,
G - k(1-c)q; —keq,.

The battery voltage is given by

V =¢e-IR,
where
a;
e =vg+ (Vg=Vo) Cmax
during dischage and
a;
&= Ve+ (Ve Vo) COmax

during chage, and where, andV, are the minimum and maximum allowable internal
dischage voltagesy,. andV, are the minimum and maximum allowable internal gbar
voltages, andR; is the internal resistance of the battery

5.3 Ohmic battery model

If the battery is chaed and dischged at low rates then the polarisation is primarily due
to internal resistance. If we ignore the other forms of polarisation then the battery voltage
is given by

V = £(Q) - IRz(Q)

wheree is the battery emf is the chage remaining in the batterlyis the current drawn
andRg is the internal resistance of the battéilye power corresponding to curreris
the quadratic

p(1) = [e(Q) - IRg(Q]I.

This equation can be rearranged to give the current drawn at a given power

Q) - [6(Q? - 4Rg(Qp
- 2R5(Q) '

p(l)

The capacity diciency or ampere-hourfefiency of a battery is the ratio
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charge out

capacity efficiency = chargein

for a complete dischge then chaye cycle. In practice, the capacitfi@ency of a battery
Is almost perfect. If we assume that the battery has perfect capécigney then the
state of chage of the battery is given by

t

Q@M = Q(0) +J'| (r)dr.
0

Aurora used this ohmic model with linear eenénd constant internal resistarfgg to
successfully predict the performance of lead-acid batteries in SunRace 1998, 1999 and
2000. SunRace is a seven-day staged event from Sydney to Melbourne through country
New South Velles and \¢toria, requiring the solar cars to race 250-300km each day

5.4 Silverzinc batteries

Aurora used silverinc cells for the 1996 and 1999w Solar Challenges.oldevelop

a model of a silvezinc cell, Aurora and the CSIRO tested threéedént types of

silver-zinc cell. The cells were repeatedly subjected to a typicald/Folar Challenge
dischage profile, as shown and described in Fiditfe Cell voltage and current were

logged at 20s intervals. The logs were then processed to give voltage, current, power and
chage drawn from the battery at 20s intervals. @bhavas calculated by integrating the
current drawn from the battery

charge (Ah)

A

0 5 10 15 20 25 30 35 40
time (hours)
Figure 5-5:Dischawge pofile for a silvefzinc battery test. The powerqgfite
corresponds to almost the days of the d¥ld Solar Challenge. The vertical
lines indicate the end of each daye shaded aas indicate periods when the
car is stationaryAt the beginning and end of each day the solar panel is
pointed at the sun.
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The capacity diciency of each cell was determined by measuring thegehraquired to
rechage the cell after each discharcycle. Each of the three cells tested had a capacity
efficiency of about 97%.

To find a relationship between char power and current | first looked at scatter graphs of
current against powgvoltage against current, and voltage againsigehdarhe graph of
current against power in FiguBe6 suggests that there is a clear relationship between
power and current that is almost independent ofgehand battery voltage.

A simple quadratic model with the form

I(b) = b[c; +c,b]

reflects the fact that current will be zero when power is zero. A least-squares fit to the data
gave

I(b) = b[0.609 +0.00324b]

wherel is the current in amperes ahds the power in watts. The fit is shown in
Figure5-6.

This model is for a single cell. If we hawecells in series then the model becomes

I(b) = 2[0.609+‘m0n324b]

Finally, we can take into account the capacificefncy of the batterynB by modifying
the model to

current (A)

7225 20 -15 -10 5 0 5 10 15 20 25 30
power (W)

Figure 5-6:Least-squaas fit to 6672 point¢p, |) from the dischaye pofile
shown in Figue 5-5.
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0. 00324b] b>0

O
O
I(b) = O
0

[o 609 +
5b
0 [o 609 +

0. 00324b] b<0
This model was originally developed for the 1996r\/ Solar Challenge. Unfortunately
Aurora crashed on the outskirts of Darwin, and was unable to complete the race. Instead,
in March 1997 the battery was used to drive the car 250km at 100km/h at the Ford Proving
Ground, You Yangs, on a day with no sunlight. The distance predicted using the battery
model was 253km. This battery model was also used for Aaraia’in the 1999 \&tld

Solar Challenge, and for the RACV EggiChallenge in January 2000 when Aurora

drove 87&m from Sydney to Melbourne in a day

5.5 Summary

Modelling the detailed behaviour of a battery igiclfit and, for our purposes,
unnecessaryl he simpler ohmic and silv&inc models described in this chapter are both
reasonable models to use with our control problems, and have both been used to
successfully to predict the performance of batteries used in the Aurora 101 solar car



6 The drive system

The drive system for a solar car comprises a motartrol electronics, and a mechanical
transmission system.

6.1 Electric motors

An electric motor has two main parts: the stationary part, called the ataddhe rotating

part, called the rotoCurrent applied to armature windings on either the stator or rotor
generates a magnetic field. The current is switched from one set of windings to the next
to rotate this field with respect to the armature.

The Aurora 101, uses a permanent magnet, brushless DC motor wiihian@f of 98%.
Figure6-1 illustrates the operation of a simple 3-phase, brushless DC. Miogothree
armature windings, b andc are arranged so that current flaivopposes, b’ opposes
b andc’ opposes.The windings are switched in pairs by the motor controller

+

)\ )\

%l N7 A
ﬁ% I\

Figure 6-1:Half a cycle of a thee-phase brushless DC motbhe thee
windings ae switched in pairs by the motor casiter. The magnetic field
generated by the ergised windings mrduces a tayue on the magnet. For the
second half of the cycle the sequergggeats, but with the opposite polarity
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Solar cars have also used wound-field DC, brushed DC, AC induction and switched
reluctance motors (Roche et al 1997).

6.2 Motor controller

The motor controller for a brushless DC motor performs two functions. First, it switches
current through the windings in the correct sequence; the correct switching times are
determined using a position sensor on the r&econd, the controller sets the average
winding current. Increasing the average current increases the torque produced by the
motor.

Winding current is controlled by ‘chopping’. That is, the current is switched on gatl of
a high frequengyand the ratio of on time tofdfme determines the average current and
hence the torque generated by the motor

Most solar car motor controllers have an automatic speed control mode, where the
controller automatically adjusts the motor current to maintain the speed set by the driver

6.3 Power losses in the motor and cordller

The main source of power loss in the motor and controller is due to electrical resistance
in the motor

Motor voltageV is proportional to the angular velocity of the metehich is in turn
proportional to the speed of the aaif the car does not have a variable-speed gearbox.
The electrical power to the motorps= VI, wherel is the motor current, and so

1oP
Vv

Resistive losses in a motor are approximately proportional to the square of motor current,
and hence

2
L=k(D)

wherek is a constant of proportionality

A more detailed model of power loss in an electric drive system includes electrical
resistance in the motair drag, bearing friction and losses in the control electronics. The
total power loss has the form
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2
Y
3 t
L(Pout: V) = Pin ~ Pout = a0+a1V+a2V2+a3V +k(%)

whereP ;. is the output power of the motor ands the speed of the car in metres per
second (Lovatt 1996, personal communication). Theficgits for the Aurora 101
wheel motor and controller are:

ag = 3vW

a, = 62x10*N

a, = 52x10°kgs "
a; = 41x10 " kgm™*

k=11x102 skg'l.

On a level road, total losses are about 86W at 100km/h.

6.4 Transmission

The top performing solar cars use direct drive between the motor and the driven wheel; in
some cases, such as with the Aurora tber motor is built into the wheel. The main
advantage of direct drive is that there are no transmission losses.

Other than direct drive, the most popular form of transmission is a chain or toothed-belt
drive. Power losses in such drives are usually 2-5%.

6.5 Summary

Power losses in the Aurora drive system are about 4% at 100km/h on level road. For
simplicity, we will assume that the drive system is perfecfigieht for much of our
analysis. In Chapter 14, howeyere will use the detailed loss model to investigate the
effect of the motor losses on optimal driving strategies.



7 Problem model

The main objective of any team in thekl Solar Challenge is complete the race as
quickly as possible. The race rules impose several important constraints:

» the size of the solar array and the energy storage capacity are limited,

* the cars can be driven on the road only betweera&(fhd 5.0pm, but can
charge their batteries using the solar panel outside this interval; and

» the cars must stop for half an hour at each of seven media stops along the
route, but may collect charge during these stops

* the first car to Adelaide wins.

To develop a driving strategy we ignore these constraints, and instead develop driving
strategies that minimise the time taken to travel a given distance using varjgositear

and weather models. The insight gained by solving these simpler problems allows us to
develop an déctive, practical driving strategy for theovitd Solar Challenge.

7.1 Power flows

Consider a car with two batteries and regenerative braking. For convenience, we will call
the power of a current flow a ‘power flow’. The possible power flows for the car are shown
in Figure7-1. They are:

S power p
management

A [
bl bZ
y \

battery battery

L drive system

Y
A
y

solar panel

Figure 7-1:Power flows in a solar car with two batteries
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S the power flow from the solar panel, which depends on the time
of day and the location of the ¢ar

p the power flow to the drive system,
by the power flow from the first battergnd
b, the power flow from the second battery

For most of the problems we will consider time to be the independent variable.

The battery flow®, andb, can be used to control the dAattery power is positive when
current flows from the battergnd negative when current flows to the battery

The drive powep is positive when the motor is driven, but negative during regenerative
braking when current flows from the motor back into the batteries.

The constraints on the power flows are
p=s+b;+b,

and
s>0.

These constraints allow some unusual driving modes, such gighane battery while
dischaging the otherWhether or not these driving modes occur in the optimal strategy
will depend on factors such as battery characteristics and the timing of media stops.

7.2 Equations of motion

The drive powep is controlled by the battery power flows andb,. The drive force at
the wheels is

Np[by+b,+9]
v

F(by, by, v) =

Wherer]D is the eficiency of the drive systens,is solar power and is the speed of the
car For most of the problems we will study we will assume ltr@is a constant, but in
Chapter 14 we will examine thefedts of a more general motor model,

Two forces oppose the motion of the car: resistive force, and gradient force.
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100 10 Figure 7-2:Road gradients steeper than
10% ae unusual. For a 10% gradient,
9 cos6 = 0.995.

Resistance

Resistance is modelled by the formula
R(x, v, w) = mgc, ,cosB(x) + Nc, v+ ;pCdA[v— w] 2

where g= 9.8 is the acceleration due to grayity,; andc, ., are codficients of rolling
resistanced is the angle of slope of the rodd,is the number of wheels on the,car
p =122 is the density of aimandc A is the drag area of the car (Kyle 1991).

Road gradients are usually less than 10%, in which aaswill lie between 0.995 and
1. It is therefore reasonable to assurnsd = 1.

Wwind is difficult to predict. For our theoretical analysis we will ignore wind, but will then
develop a scheme to cope with thieets of wind when we develop a practical strategy
to use during the race.

With no wind and for small gradients, the resistance force on the car is therefore
R() = N Loc A
(v) = mgc, q + Crr2V+§p d '
The coeficients can be found experimentally by measuring the force required to drive the

car at various speeds and fitting a least-squares quadratic to the data. For the Aurora 101
the coeficients are:

m = 300 kg

c,,q = 0.004

¢, = 0.052 kgs !
rr2 :

C,A = 0.11 m?
d - . m .

At 100km/h on a level road, about 75% of the resistive force is due to aerodynamic drag.
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Gradient

The gradient force acting on the car is
G(x) = —-mgsinB(x)

where8 is the angle of slope of the road at locattoifhe gradient force is positive when
the car is travelling down a hill, and negative when travelling up a hill.

Equations of motion

The equations of motion for our problem are:

dx

ey (7.1)
N Lieb, b v) - RW) + G | (7.2)
dt ~ m 2 ' '

7.3 Energy storage

The power flowb from a battery depends on the current drawn, as shown in FHiglire
Power initially increases with current, but reaches a maximum and then drops as the
battery voltage drops due to polarisatiofeets. The exact shape of the power curve
depends on the chemical state of the bagteeryliscussed in Chapter 5.

The enggy efiiciency of a battery is highly dependent on the gaand dischage profile.
On the other hand, the capacitfi@éncy of a battery is usually very high, and almost
independent of the chger and dischge profile. V@ therefore use battery cgaras a state
variable rather than battery eggrcontent. The state equations for the batteries are

aQ _
g - i)

wherel j(b) is the current required to give powefrom batteryj. A positive current
represents a flow of clger from the battery

Figure 7-3:Battery powerb initially

increases with cuant|, but raches a

maximumP and then dops as the cell
» | voltage dops due to polarisation effects.
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Battery chage is constrained by
0< Qj < Qj max

for each batteryThe initial chage Qj(O) is usually known.

7.4 Rotational dynamics

For a car without gears all of the rotating masses rotate with the same angular.\elocity
we take into account the motion of rotating parts theggnigaslance equation is

1

S ;Iooz = [F(v) - RW) + G(X)] X (7.3)

wherel is the moment of inertia of the rotating massesdarsl the angular velocity of
the rotating masses. The angular velocity of the rotating parts is

w =

=1 <

wherer is the radius of the wheels. Substituting this into (7.3) arerdiitiating with
respect to time gives

av

gt = [F(V ~RV) +GX)] .

(m+r'2)

If we letmg = (m+ I/r2) then we have

dv _
Mg g - F(v) - R(v) + G(X).
Comparing this equation with (7.2) we see timatis an efective mass of the car that
compensates for thefett of rotating parts.

The three wheels of the Aurora 101 have an2B0rolling radius. The single front wheel
contains an in-wheel motdrhe mass distribution on the front wheel can be approximated
by 5kg at 135nm radius, 1.kg at 230nm radius, and the remainingddistributed

evenly over a disk with radius 2&0n. The moment of inertia for the front wheel is

2
I = 5%0135+ 11 %0230+ > 02T = 0260 kgm?
Each of the two the rear wheels can be modelled &g digk with radius 216m, and

1.1kg at 230nm radius. The moment of inertia for each of the rear wheels is
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2% 0.210°
R~ 2

+1.1x0.230° = 0.102 kgm?.
The total moment of inertia for the rotating masses is
2
| = 1 +2l5 = 0464 kgm©.
The rolling radius of the wheelsiis= 0.250 m. The efective mass of the car is therefore

2
My = m+1/r" = m+742kg.

By using an d&ctive mass of 307kg instead of the actual mass dt@@@ can
incorporate the &cts of rotational inertial into our equations of motion.

7.5 Summary
The state equations for our simplified solar car model can be written as
dt
dv _ 1
g - —l4(by)
and
g - —15(b,)

where battery power flowss; andb,, are used to control the motion of the. ¢&r most
problems, we wish to minimise the time taken to travel a given dis¥sgbject to the

battery constraint® < Qj < Qj max -



PART THREE

Efficient enegy management



8 Minimising energy use

For many vehicles, engy use can be minimised by travelling at a constant speed. In this
chapter we will see that a simple vehicle travelling at a constant speed uses {pss ener
than it does for any other strategy with the same average speed. A sigulaeat was
used by Howlett & Pudney (1995) in their book ofcednt train control.

Consider a car with constant drivdi@gency Np- When powelp is applied to the drive
system the force on the road is
npP
F(v,p) = Ve
wherev is the speed of the cdirthe other forces acting on the vehicle are resistive forces
R depending on speed and gradient foiGedepending on location then the equation of
motion is

v = = 2[R, p) - RO + G

wheret is time, X is distance and is the mass of the car

Suppose the car is driven at constant spéeiiom the point(ty, X, V') to the point
(tgs Xy, V'), as illustrated ifrigure8-1. We will show that any alternative speed profile
with the same average speed uses morggner

» <

Figure 8-1:Constant and non-constant
speed pofiles on an intervalty, t;] . The

v distance covexd, epresented by the ea
under the curve, is the same for each
profile. The curves thefore have the

same average speed. The constant speed
strategy uses less eggr

\J
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The power required to maintain constant spéeds

K = X [RV') - GX)] .
D

The eneggy cost of the constant speed strategy is therefore

B = Jo p(X)

Xy

1 .
N XJ'[R(V ) — G(X)] dx.

Now consider any alternative strategy also startinft@tx, V') and finishing at
(ty, Xy, V') . The power required to follow the speed profilis

o) = n() [MVOV () + R(Y) - GOJ)]

D

The eneggy cost of the alternative strategy is
X
PO 4
ol
X0
X1

nlD I [MVO)V'(X) + R(V) = G(X)] dx.

Both speed profiles start and finish at spéedso there is no net change in the kinetic
enegy of the carThis means that

X1
Imvdvdx = [ mvz} = 0.
X= X0
The enegy cost of the alternative strategy is therefore
X1

E = nlD J'[R(v) - G(x)] dx.
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The enegy cost diference between the alternative strategy and the constant speed
strategy is

Xy

E-E = nlD J'[R(v)—R(v*)] dx.
X0

If the journeys both take the same time we can rewrite this equation using time as the
independent variable to give

51

E-E = nlD-tI'[vR(v) _V RV dt.
0

The power required to overcome resistive forces at spéed(v) = VR(Vv). This power
graph is convex, and saR(v) -V R(V') = A [v—-V'] for some positive\, and so

51

A x
E-E 2—J'[v—v ] dt.
nDt
0

But the integral in the right is simply theféifence in the distance travelled by each of the
strategies, which is zero. Thus for any vehicle with constant dfieeeaty and convex
resistance, travelling at constant speed uses leggyehan any other strategy with the
same average speed.

Unfortunately this does not quite solve the solar car problem. If theggraeailable for
ajourney is fixed, as is the case for a conventional car with a tank full of petrol, travelling
at constant speed will make best use of the availablgyeith a solar carhowever

the enegy used for the journey is collected during the jouriiéys has three important
implications:

1. At the beginning of a journey you do not know how muchgngou will
have for the journey and so cannot calculate the optimal speed for the journey
This problem is overcome in practice by continually estimating thggner
that will be collected over the remainder of the journey and adjusting the
speed of the car accordingly
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2. If enegy storage is not perfectlyfefient then it may be better to vary the
speed of the car rather than lose gypen the storage system. For example,
during the middle of the day when solar power is greatest it may be better to
increase the speed of the car rather than store the excepsamethen later
get back less than was stored.

3. If solar power varies with location then the total gyerollected will depend
on the speed profile; by varying the speed of the car it may be possible to
collect enough extra ergr to repay the engy cost of the speed variations.

These issues are addressed in the following chapters.



9 Formulation of an optimal control problem

One way to find the optimal driving strategy would be to use a numerical search
technique, perhaps based on dynamic programming or genetic algorithms. While such
methods may give a solution, they rarely give insight. A more informative approach is to
use techniques of optimal control to develop necessary conditions for an optimal strategy
and then use these conditions to construct an optimal strategy

Consider a car with two types of battery and regenerative braking. Ignore, faheow
morning and evening clge sessions and clgarg at media stops. &Wvill use this
general model of the problem to derive necessary conditions for an optimal strategy
These conditions will be used in subsequent chapters to construct optimal control
strategies for various specific battemotor and irradiance models.

9.1 Poblem formulation
The possible power flows for the car are shown in Fi§uteThey are:

s=0 the power flow from the solar panel, which depends on the time
of day and the location of the car;

p the power flow to the drive system;
bl the power flow from the first battery; and
S power p .
solar panel > management - drive system
A /
bl bZ
Y \
battery battery

Figure 9-1:Power flows in a solar car with two batteries
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b, the power flow from the second battery

The battery power flowb,; andb, are used to control the cdihe drive power
p=s+b;+b,

is positive while driving and negative during regenerative braking. Each batterylppwer
is positive while the battery is disclgarg and negative while the battery is giag. The
chage in batteryj is Qj.

We wish to minimise the time taken to drive over aroute. If W let [0, t;] be the time
interval for the problem then we wish to minimise the finishing timd his optimisation
problem can be formulated as a minimum time Mayer problem (Hestenes 1966; Cesari
1982). The state of the system at titrie

&M = [x(®), v(t), Qy(1), Qx(H] U=,

wherex is the position of the cav is the speed of the car a4 is the chage in battery
j- The set= is the state space. A functign T — = will describe the evolution of the
state.

The driver controls the power flovg andb, to the two batteries. The control at titne
can be written as

u(t) = [by(®), byH] DU

whereU is the set of control values and= {u|u: T - U} is the space of control
functions.

The acceleration of the car depends on the power applied to the drive system and on the
resistive and gradient forces acting on the lcegeneral, the accelerati@will depend
on time, location, speed and control.

The current flow j from each battery depends on the batterygghand on the power flow
from the batteryMe will ignore any dependence on time. The general shape of the current
curve is shown in Figur@-2.

Figure 9-2:Battery curent varies with

> D power demand. The exact shape of the
curve, the dischge power limit and the
chamge curent limit depend on the battery
chame.
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Boundary conditions

The car starts the race at rest with full batteries and finishes at a specified bycation
boundary conditions can be written as

X0=0 wO)=0 QO =0Qp xt)=x
or in the form

g® =0 i=1,..5
whereBOBO (= xTx Z) is defined by

b = [X(0), V(0), Q;(0), Qx(0), t;, X(tp)]

and where
9,(B) = x(0)
9,(B) = v(0)

95(B) = Q4(0) - Q]_,o
94(B) = Qx(0) - sz 0
gs(B) = x(t) — X

Cost function

We wish to minimise the timg required to complete the journéyp do this we minimise
the function

9o(B) = t;.

Togetherthe cost function and boundary conditions are described in terms of the function
g:B- 1% defined byg(t) = [go®), ..., 95(t)] . U denotes the set of real numbers.

State equations
The state equations for the problem are

dx
dt

dv
a a(t’ X! V1 p_’]_! p2)

and
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dQ.
- _ -
g Ij(Qj,bj) j =12
These can be written more compactly in the form

dg
a - f(t1 E! U)

wheref : Tx=xU - D4.

State and contol constraints

The stat& = [x,V, Q;, Q,] must satisfy the speed constraint
0<v(t)

and battery chge constraints
QjminSQj(t)SQjmax j =12

Wherer min and Qj max

u = [by, by] must satisfy the drive power constraint

are the lower and upper cgarlimits for batteryj. The control

—Pr<s(t, X) + by (1) + by(t) <P
and the battery power constraints

_BCj(Qj) < bj(t) < BDj(Qj)
where the power limits are

Pr>0 the maximum power flow from the drive system during

regenerative braking;

P:>0 the maximum power flow to the drive system while driving;
BCJ. >0 the maximum power flow to batteyywhile chaging; and
BDj >0 the maximum power flow from batteyywhile dischaging.

The state and control constraints can be written in the form

ot &EWs<0 =111

where
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6.t & U) = ~v()
Ot & W) = Qpin ~ Qu®)

04t & W) = QD) = Qua

0, & W) = Qopin ~ Q)

Be(t, & 1) = Qut) = Qi

Byt & ) = = P = [S(t, X(®) + by(®) + by(D)]
0t & U) = [S(t, x®) +by(t) +by(®] - Py
B4t & 1) = —Bey(Qq(t) - by()

d4(t, & U) = by(t) - Bpy(Q ()

01t €, 1) = ~Bey(Qulh) ~ byt

0 4,(t & 1) = byt) ~ Bp,(Qu(t)

9.2 Necessary conditions for a solution

Supposdl is the optimal controlé the corresponding state trajectomdﬁ the
corresponding boundary value. Following Hestenes (1962, Theordm)/there exist
multipliers

A

6 .
[)\0,)\1,)\2,)\3, )\4,)\5] 00 0" with )\020,
_ . 4
T = [nl, T, Ti, n4] ‘T 0O

and

not vanishing simultaneouslgnd functiondH : T x = x U x 0%xo - O and
G :B - 0 defined by

H(t, & u, 1o W) = T, & u) — (&, u)
and
G(B) = ALo(B)

such that

1. A, 20with A, = 0if g(B) <0.
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2. The (Lagrange) multiplierg; are piecewise continuous dnand are
continuous at each point of continuity @f The multipliers also satisfy the
(complementary slackness) conditions

10, E(1), 0() = 0.

3. The muItipIiersni are continuous om and have piecewise continuous
derivatives. The functions, 0, tandp satisfy the EuleLagrange equations

d¢ _oH dm_ oH oH _
dt om’dt  0%'du

dH _ oH

Oanda = 5t

on each interval of continuity @f. The function

H(t, &(1), O(), 1), p(o)

is continuous o. The transversality condition

dG - Hty, &(tp), at), T(ty), K(tp)dt;
+ T () dv(ty) + () dQ (t) + 1,dQ,(t) = 0
holds oné for all dp.

4. The inequality

H(t, €(1), u, T(Y), 0) < H(t, E(t), O(t), ), 0) (9.1)

holds for all feasible(t, E(t), u).

54

The functionH is the Hamiltonian for the system. Condition 4 states that at each time
the controlu(t) should be chosen so that the value of the Hamiltonian is maximised.

The multiplierstt are adjoint variables. The tifential equations

are the adjoint equations.

Hamiltonian

The Hamiltonian for the solar car problem is
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H(t, & u, T 1)
= mv+Ta(t, X, v, by, by) = 1,1,(Qq, by) = 1,1,5(Qy, by)
~y [V]
=Ky [Qim ~ Q] ~H3[Q1 ~ Quuaxal
~ Ky [Quing = Qo] ~H5[Qz ~ Quuaxo]
~Hg[—Pgr= (S(t;x) +b; +by)]
— M, [s(t, ) + by + b, = Pq]
~Hg [~ Bc1(Qq) —by] —Hg[by = Bp4(Qy)]
~Hyo [~ Bea(Qp) = byl — g [by = Bpy(Q))] -

Adjoint equations
The adjoint equations for the solar car problem are

dam

71 = —-TI aj'— ( — )aj

dt 29x ~ ‘He ™ H7) 5%

M o on,

T AR

dT[3 al1 aBCl aBDl

gt = ngqu_ (UZ_Ug) _“867(?1 _UQTQ]_

e o
dt 49Q,  ‘HaHs) “Hioag, THuaq, -

Maximising the Hamiltonian

The optimal controll maximises the Hamiltonian at each po[m,té(t), m(t), 0] . By
grouping the terms depending on the control we can rewrite the Hamiltonian as

H(t, &, u, 10 )
= ma(t, X, v, by, by) = ,14(Qq, by) = 1,1 (Qy, by) + ..

The optimal values df, andb, depend on the values of the adjoint variahrlfée,sn3 and

m,.In the following chapters we use various specific batteoyor and irradiance models

to derive key equations for the state and adjoint variables, and then show how these can
be used to construct an optimal driving strategy
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9.3 Summary

The solar car problem can be formulated as a minimum time Mayer problem, and
necessary conditions for an optimal control found by maximising the Hamiltonian. In
subsequent chapters these necessary conditions will be used to find the optimal control for
various versions of the problem.



10 Optimal control of a perfectly efficient car on a
level road

Rather than try to solve the general solar car problem formulated in the previous, chapter
we will gain insight by tackling a sequence of specific problems. Our starting point is to
find the optimal control for a solar car with a single, perfecfigieft batterybeing

driven on a level road. Our assumptions are:

« solar irradiance does not depend on location,

* the driving force on the car does not depend on location,

» there are no losses in the drive system,

» the car has a single battery with perfect energy efficiency, and

» the battery is sufficiently large that battery power and charge constraints are
never binding.

This specific problem has an elegant solution—apart from an initial acceleration phase
and a final braking phase, the car should be driven at a constant speed.

The proof presented in this chapter that an optimal strategy exists is the basis for the proof
used by Howlett & Pudney (1998) for a solar car on an undulating road.

10.1 Poblem formulation

We assume that the force generated at the wheels of the car is

F =

<o

wherep is the power applied to the drive system amslthe speed of the c&rive power
p is given by

p(t) = s(t) +b(®)
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wheres is the power from the solar panel amas the power from the battery b <0

then power flows to the battetfthe power flow-b to the battery is greater than the solar
powers then the net poway to the drive system is negative, and the drive system acts as
a regenerative brake.

On a level road the only other significant force acting on the car is a resistivRfivae
depends only on the speed of the W will assume thaR is an increasing function of
v with strictly increasing derivative. The acceleration of the car is then

& = mLy R0

For this model we also assume that the battery has perfegy efimiency, in which case
the current flowing from the battery is

1(b) =

mlT

whereb is the power flow from the battery aads the battery emf.
The problem has state equations

dx

gV (10.1)

dv _ 1rp_

at = mlv R (10-2)
and

dQ _ b

. .b (10.3)

As described in the last chaptdre optimal driving strategy can be found by forming a
Hamiltonian and then selecting the control to maximise the Hamiltonian. The
Hamiltonian for our problem is

H(t,E, u, T, U)
Tt
- e 2 2o -
~Hy[-V] —Hg[-Pgr= (s +0) ] —p,[S(t) +b-Py].

The multiplierspz, . g and Hg .-y Hyq are all zero, since we have assumed that
battery power and battery clgarconstraints are never encountered. If they are
encountered, the optimal strategy must be modified to follow the boundary constraints.



Optimal contol of a perfectly efficient car on a levelad 59

The adjoint equations for the problem are

1 _
5 =0 (10.4)
d Tt
d:[Z = -m+ ﬁz [VF; + RI(V)J ~H, (10.5)
and
drg
" = 0. (10.6)

Equations (10.4) and (10.6) have solutiarqs: A andn3 = ACeg, whereA andC are
constants. The Hamiltonian and the adjoint and Lagrange multiplier vectors can be
normalised by letting

H*:%’T[ =

*

Dropping the (*) notation gives

H(t, &, u, T, 0) = v+ :?'[5 - R(v)] - Cb

and the adjoint equation

dn2 _ T, P ,
g - m[VZ +R(v)} —1—p1. (20.7)

10.2 Necessary conditions for an optimal strategy

The optimal controli maximises the Hamiltonian at each po[m,té(t), m(t), 0] . We are
only ever interested in the value of the Hamiltonian when 0, and the complementary
slackness conditions from the previous chapter gj¢e = 0 anyway so we can rewrite
the Hamiltonian as

H = V+E[5—R(V)]—Cb

Let
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and
d(v) = VR(V).

Settingp = ¢(v) in the equation of motion (10.2) gives/dt = 0, and sap(v) is the
power that must be applied to the drive system to maintain a constanvspesaty these
definitions ofn and¢ we can rewrite the Hamiltonian as

H=v+n[p-¢(v)] —-Cbh. (10.8)

The variablen evolves according to the téfential equation

d

We now want to find the control that maximises the Hamiltonian. Grouping the terms in
(10.8) that depend on the contimlthe Hamiltonian can be rewritten as

H=[n-Clb+..

where the neglected terms do not depend on the control. At any point on the,jtheney
optimal controlb maximises the Hamiltonian. There are three cases to cansider
depending on the value gf.

power C<n O b=P;-s
hold n=C0 bO[0P;-9
regen n<C 0O b=-Pg-s

The power and regen cases correspond respectively to maximum power and to maximum
regenerative braking.

The (mysteriously named) hold case is singui@an only be maintained on a non-trivial
interval if dn/dt = 0, in which case (10.9) gives

o'(V) = = (10.10)
C
But ¢' is a strictly increasing function of so (10.10) has a unique solutiors V' . The

hold mode corresponds to driving at a constant speed

10.3 Contmol transitions in an optimal strategy

Transitions between control modes can occur only when
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Transitions may occur between any two of the following control modes:

* power withp = Py andn >C;

 hold withp = ¢(V') andn = C; and

* regen withp = =P andn <C.
Clearly, a transition to or from hold can occur onlyif= V', since speed is continuous.
By examining the behaviour of it is possible to derive more transition conditions.

If p is an analytic function af in some open interval then the functianandn are also
analytic functions of in that interval, and it is possible to derive appropriatddr series
expansions for these functions. TreyIbr series expansions in the vicinity of a point
t = ty can be used to derive necessary conditions for a transition at that point.

Let t, be the transition time and writg = v(t,) andr]O = n(ty). Let
Pg = P(ty) = lim p(t)
t-tg
and
P, = Pty = lim p'(o).
t-t,

Because(t) is not necessarily continuoustat t, we use one-sided limits when
required. Fort neart the Taylor series is

N = Nltg + Nt [t=tg] + 30" (te) [t=tg] >+ cn(tg) [t —tg] 3+ ...

At the transition point we havg(t;) = C = 1/¢'(V).
The Taylor series is dominated by the first non-zero term, I V' then

BT AR X (A
CRE

and the aylor series is

1 J 'V —¢'(V')

mvo ¢'(vV)

n(t)=C+[ [t—tg] +....
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If vy = V' then n'(ty) = 0 and the second term of theylor series is zero, so we must
look to the third term of theallor series. Sincg’ = 0 we have

r 1 r !
n" =] o e v
Substitutingn = 1/¢'(v) and

= P

mv

gives

2¢"'(")

o) [po = O()] [t-tg] *+.

N = C+0+ Z[W]

If py = o) thenn''(t;) = 0 and the third term is zero, so we must look to the fourth
term of the @ylor series. Sincg’ = n'' = 0 we have

0 = [ 2 Ine v,

Substitutingn = 1/¢'(v) and

\VA— i
mv
gives
2¢""(V")
n —C"'O"'O"'G[m‘\i?} Wp olt= to] t.
In summary:

. if vyZ V' then

[ 1 J¢'(VO)_¢'(V*)
mvo

gy T

n =C+

* if vg = V' andpyZ ¢(V') then

2¢"'(")

n =c+2[mvj ) Po™ O(V)] [t—ty] 2

o if vy = v andp, = (V') then
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PR A i 1 (20 IO
ﬂ~C+6[m7}¢“ﬁpoﬂ t] 2.

Regenerative braking with, = —P will always slow the caland so a regen phase will
always havep < d(V'). We can also assume that maximum power wigh= P is
always suicient to increase the speed of the car from any realistic holding gpgadd
so a power phase will always hapg> d(V).

Table10-1 indicates regions negr = C where the @ylor series gives a legitimate
trajectory for the adjoint variable.

regen hold power
n<cC n==c n>C

t<t, t>ty t<ty t>ty, i<ty t>t,

vy > V' 0 O O O O O
Vo=V 0 0 0 0 O 0
Vo<V O O 0 O 0 O

Table 10-1:Regions nean = C whe the value of} is valid. Tansitions to
or from hold V can occur only i, = V.

The table can be used to determine the possible transitions. For example, a transition from
power requirey/ < V' whent < ty, and a transition to regen requingss v fort> to,

and so a transition from power to regen requites V' . Transitions to and from hold
requirevy = V' . The possible transitions are also indicated in FigQré.

If the car starts from rest there are three possible control sequences for a journey:
* power—regen,
« power-hold and

e power-hold-regen

These three journey sequences are illustrated in Fiflae The power—regen journey
switches from power to regen at spege< V', and finishes at locatiox, = X;. The
other two journeys switch from power to hold at spegd- V', and finish at location
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>~ 7
\/
T

C
Figure 10-1:Possible conwl transitions in an optimal strategy

\J

X, X2

Figure 10-2:Three optimal journeys with holding spe€d: power—
regen, power—hold, and power—holdgen.

X, = X,. The power—hold journey finishes with spegd= V', and represents a journey
where the car crosses the finish line at spéedhe power—hold—regen journey finishes
with speedv, = O.

10.4 Construction of an optimal strategy

Now that we know the form of the optimal strateggnstruction of an optimal journey is
relatively straightforward. Suppose we wish to drive from 0 to x = X in minimum
time. Suppose also that we start at rest, but will finish at the hold gpeed

The time taken for the journey depends on the hold specthe time taken to power up
to speed/ is

* *

\' \'%

t, (V) = J’[gwdv = J'PTr—mqg(v)dV'
0 0
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The corresponding distance travelled during the power phase is

*

\Y

X, (V') = J[vgudv = J'PTTV(E(V)dV.
0

0

If xl(v*) < X then the time taken to complete the journey at constant spesd
[X=x4(V)] 7V . The total time for the journey is therefore

*_v mv 1 _V mv2
T(V)__(];PT‘¢(V)dV+\/*X OPT_q)(v)dv.

The solar engy collected during the journey is found by integrating solar potier
enegy used is at maximum pow®% on [0, tl(v*)] and then at constant powg{v")
for the remainder of the time. The cpearin the battery at the end of the journey is
therefore

TV)
0
Qv = Q0+iDJ' sdt = [Pt,(V") + () (T - t,04)) ] I
04 0

AsV increasesT(V') andQ(V") both decrease olminimise the journey time/
should be as lge as possible, but witQ(v') = 0. SinceQ(V") decreases aé
increases, the optimal valueof will give QT(V*) = 0, and the journey will finish with
an empty battery

10.5 A moe precise formulation

To prove that an optimal strategy exists it is necessary to formulate the problem more
precisely The existence gument that follows is based on a similaguanent for train
control (Howlett & Pudney 1995). Thegaiment also appeared in a paper describing the
control of a solar car on an undulating road (Howlett & Pudney 1998).

The average speed of a journey can be maximised by either minimising the time taken to
travel a given distance, or maximising the distance travelled in a given tengil\W
maximise the distance travelled,

T

Jv) = J'vdt,

0
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subject to the state equations

g‘t’ - i}m -R() | (10.11)
dQ _ b
do_ L (10.12)

where battery powdb is given byb = p—s, ands is solar power

If the journey starts and finishes at rest then the speed constraints for the journey are
v(0) = V(T) = 0 andv(t) = 0. These constraints cause a problenp; # P at
v(0) = 0 then (10.1) gives

dv _
mva =p-VR(V) > P« & VIO

dv
U a? +o00 as vi 0.
We can avoid this problem by settidg> 0 and relaxing the speed constraints to
v(0) = v(T) = d andv(t) = 6. We will assume that an optimal solution to the real
problem can be found by first finding an optimal solution v to the relaxed problem
and then taking the limit of this solution &s 0. The time taken to power from= 0 to

v=290Iis
5

3 mv
0 [ v
0

which decreases to zero@sO0, and so the cost of accelerating frans Otov = d also
decreases to zero &s 0. A similar agument can be made for slowing frarm= o to
v = 0 at the end of the journey

The state equations can now be reformulated as integral equations

.
X(t) .OIV(T)dT
and
.
v(t) = &+ ;ﬂség ~R[W(1)] Jdr

0
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with boundary conditions(0) = v(T) = & and constrain¥(t) = 6. The equation for
battery chage becomes

]
QW = Q- ¢ [H0dt
0

For simplicity we will require that there be no net change in battergelwer the
journey and soQ(T) = Q,,.

A driving strategy{ (x,v, Q, p)} that satisfies the relaxed state equations will also
satisfy the original state equations, except on a set of measure zero. Solutions to the
relaxed problem convge to solutions of the original problem @sO0.

10.6 Compactness of the feasible set

We wish to maximise the distance travelled Ifis the supremum of distance then there
must exist(x,, v,,) pairs withx > X —1/nforeachn = 1,2, .... We wish to show that
there exists/ such thatx(v') = X . To do this it is necessary to show that jfis
feasible for alin then there exist subsequen({e%(i)} 0 C andv,, U C with Vi) = Vv
in mean square arﬁvn(i) - Dv,, weakly

00

Let B be the space of real valued Borel measurable functiod®,0f . We need to
consider four subspaces 8fThe first spacey is the subspace of square integrable
functions. If we define the scalar product

T

(h,k) = [hOk(O)dt
I

and norm
Ihl, = (hh)Y?

then the spackl = (7 (-,-)) = L,([0, T]) is a Hilbert space.

The second spacg is the subspace of essentially bounded functions, and contains the
possible control functions. If we define

1Pl = 10,1y PO

for eachp O X then the spacK = (% II-ll,,) = L,([0, T]) is a Banach space.
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The third space is the subspace of essentially Lipschitz functions, and contains speed
functions. If we define

IVIl1, o = [Vl + 1DVl

for eachv O £ then the space = (£, [|ll; ) = c® 1([0, T]) is a Banach space. The
notationDv indicates the generalised derivative of the function

The fourth and final spac# is the subspace of functions where the generalised first
derivative is essentially Lipschitz, and contains distance functions. If we define

Xl 5 g = 11X + DX, + ID*X| oo

then the spachl = (44 [I-ll, ) = ct 1([0, T]) is also a Banach space.
The spaces for distance, speed and control satisfy. [ X

The resistance functioR : [0, ) - [0, ) is positive and strictly increasing. As
before, the power required to maintain speeaxh a level road i$(v) = VR(V). For a
given d >0 andP >0 we can define the set of all feasible speed functions as

C=CsplL

with the conditions
1. v(0) = «(T) = 3,
2. v(ty=dforalltd [0, T], and
3. Imv(t)Dv(t) + ¢ [v(t)] | < P.

Whenv O C we have

P
Dv(t) < e

and hence from condition 2 we have

P _
6sv(t)s6+RT = V5.

It follows from condition 3 that

P
DV()| < —< +R(Vp) = Ay,

and so
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1/2
[IVI[, < T Vg
and
1/2
IDVI[, < T7 “As.

Thusv O C impliesv 0 H andDv [0 H. The following lemma shows that every sequence
in C has a conveent subsequence.

Lemma 10-1 Let {v,} be a sequence 8. Thenv,, Dv,H and we can find a
subsequencg vn(i)} and a functiorv, O C with v, Dv_ 00 H and such that

Vi) ™ Veol |, = O
and

(D, —Dv_, h) — Oforall hOH

n(i)
asi - o,
Proof Since{v.} O 0OC([0, T]) we can use the Arzela-Ascoli theorenogiia

1978) to findv_, 0 C([0, T]) and a subsequen({e/n(i)} with an(i) - - 0as
i — oo, But

Vo |

1/2
Vi) ™ Vel , < T [ Vng) ~

Ve .

and soan(i) - -~ 0asi - o,

Ve

Since‘ ‘ DVnHoo < T1/2A5 is bounded in the Hilbert spakk the subsequeno[evn(i)} can
be chosen so tha[tDvn(i)} conveges weakly irH to an elementv,, [ H (Yosida 1978,
Theorem 1, p. 126). For eabli] H we have(Dvn(i) -w,, h) - 0asi - 0. Since
HDVn(i)\ ‘ W= Ag it follows that

for all i and hence that
‘voo(t) - VOO(T)‘ SAt—T|

whent, 1 0 [0, T] . ThereforeDv_, is well defined WitWDVmHm < As.
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We can now show thddv, = w_ . Let S denote the set of all smooth functions
o0:[0, T] - O with spt(o) O [0, T] . The setspt(0) is the support o6 and is the
closure of the set of pointswherea(t) # 0. Then

(Dv,-w,,0) = lim (Dv, - Dvn(i), o)
| »>
= (-1) (Voo_vn(i)’ Do)
=0

foralloOS. ThusDv, = w

It is easy to see that (0) = v (T) = d and thatv(t) 2o forallt O [0, T] . To show
thatv,_, satisfies the third condition for membershigofve definex, : [0, T] - [0, T]
by
-
X, (t) = J'voo(r)dr.
0

For anyk 00 K O H with [|k[ <1 we have(mvn(i)Dvn(i) + ¢(vn(i)), k) < P. By taking
the limit asi — o it follows from the weak convgence oﬂDvn(i) to Dv,, in H that

(mv,Dv, +d(v,), k) <P.

Since this is true for any we must have

MV, (DY, (1) + ¢ [V, (0] | < P

for almost allt 0 [0, T] and hence, O C.
O

10.7 A feasible strategy

Are there any feasible strategies? Let solar pavdiO, T] —» [0, ) be a bounded
measurable function and let denote the set of all journeys

(x,v, Q,p) OM x L x L x K satisfying the state equations, boundary conditions and
state constraints.

Clearly it is possible to construct a power—regen strategy with spesaltisfying the
boundary conditions (0) = v (T) = 9, as shown in Figurg0-3. W will assume that
this extreme journey uses too much ggefinishing withQ(T) < Q. If this is the case
then it is always possible to construct a journey @) = Q,. We will show that if
Q(T) < Qg then the set¥ is empty
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12 th t, T

Figure 10-3:A power-hold-egen strategy with speeddfiife v,, indicated by
the lower curve, will use less eggrthan the poweregen strategy with speed
profile v,,,, indicated by the upper dashed curve.

A power—hold-regen strategy with speegdt) = min {v (t), w} will use less engy
than the power—regen stratedg show this, we first consider the simplest case with
v(t) = o andx(t) = &t. Assume that the solar powst) = ¢(d) forallt I [0, T] . The
net change in battery clogris

T

8Q5 = ¢ [0 - 6@ =0
0

wheres(t) — ¢(9) is the excess solar power directed to the battery atttifiee net
change in battery chge for the power—regen journey is

tm T
AQ = 1§I[s(t)—P] dt+J'[s(t)+P] 00
0 i

™ |

O

wheret . is the time at which the control is switched from power to regen. The two
integrals are respectively the egyestored during the power phase and theggnstiored
during the regen phase. The speed at the switching tiWe is v, (t.).

The net change in battery charfor the power—hold—regen journey with hold speed
wh [, V] is
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51

1 0
AQ(w) = = O] [s(t) - P] at
d

t T
0
+J'[s(t) - d(wW)] dt+J'[s(t) +P] dt .
51 t .

Whenw = 9 the switching points arg = 0 andt, = T, andAQ(d) = 0. When

w =V, the switching points arg = t, = t_, andAQ(V,,) < 0. Battery change
AQ(w) is clearly a continuous function of hold speedso we can find a speedfor
which AQ(w) = 0. This speed gives us a feasible strategy

10.8 Existence of an optimal strategy
To travel as far as possible in tini®, T] we must maximise

T

Jv) = J'v(t) dt.

0

That is, we must find a stratedx,,, V,,, Q. P,,) U F with J(v,) = J(v) for all
(x,v,Q,p) O #. Sinced < v(t) <V, it follows that

= Su
Ima = (v, Qpy 0y
is well defined and positive. Suppose thdtx,,, v, Q,, P,) } U ¥ is a sequence with
V) 1 Ipax @sn — . Since{v,} U C we can use Lemma 10-1 to fiag [J C and a
subsequencévn(i)} with an(i) - - 0 and (Dvn(i) -Dv,,h) -~ 0asi - 0 for
all hOH. Itis easy to see that

V°°H2

IVe) = Imax-
If we definep, O K by
P, = Mv, Dv_ +¢(v,)

theanmHoo < P. We can also defin@_, : [0, T] -~ U by

t

Q) = —ij[poo(t) - 5(1)] drt.
0
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It is easy to show th&_, [0 £ and hence thafx, v, Q... P,,) U 7 .

Thus there exists a strate@y,,, V., Q.. P,,) U FUMX L X L X X,

10.9 Summary

For a solar car with a perfectlyfiefent battery and drive system, travelling on a flat road,
the necessary conditions for an optimal strategy give three control modes:

power maximum power
hold maintain a constant speed
regen maximum regenerative braking.

The optimal control sequence is power—hold—regen. For a long jounosyof the time
should be spent travelling at a constant speed.

If we assume that there is always enough solar power to keep the car moving, yet never
so much that it is impossible the use it all, then we have shown that it is possible to
construct a feasible solution and that an optimal solution exists.



11 An inefficient battery

In this chapter we examine thdegt of an indicient battery on the optimal stratefye
assume that the battery has constantggneficiency The result is a strategy with two
holding speeds—a lower holding speed used when the battery is disghand an upper
holding speed used when the battery isgingr In later chapters we will replace this
simple battery model with more realistic battery models, and get a sligtiéyedif
strategy Nevertheless, the two-speed strategy derived in this chapter provides useful
insight—it is better to speed up slightly rather than storeggneeficiently.

This chapter is based on a paper by Howlett, Pydiaegopolskaya & Gates (1996).

11.1 Pooblem formulation

If we apply enggy E to a battery with constant eggreficiencyr]B 0 [0, 1], the
effective increase in stored egglisn gE<E.Wecan model such a battery by setting the
current corresponding to battery povieto

b=0
I(b) =

w (viRen

b<O0

[ -
-

m ‘

wheree is the battery emf. The new problem has state equations

dx _ v

a - ]

dv _ 17p_

&t = mu RO
and

D = -1



An inefficient battery 75

wherep(t) = s(t) + b(t). The normalised Hamiltonian and adjoint equation can be formed
as before, and are

H=v+n[p-¢(Vv)] —Cl(b) (11.1)
and

dn _

G = e -1l (11.2)

Grouping the terms that depend on the corirdhe Hamiltonian can now be written as

olh—npl b+... b=>0
=0
D[r]—nc] b+... b<O0

Wherer]D = C/¢ andr]C = ngC/e. The value ob that maximises the Hamiltonian
depends on the value gf This time there are five cases to consider:

power Np<n O b=P;-s

dischage n=np O b0 [0, Py -9

solar Nc<n<ny O b=0
chage n=nc 0 b0 [-Pgr=s0]
regen n<ng O b=-Pg-s

The poweysolar and regen cases correspond respectively to maximum, golaer
power only and maximum regenerative braking.

The dischage and chaye cases are singuland can only be maintained on a non-trivial
interval if dn/dt = 0. During a dischaye phase power is drawn from the battéra
dischage phase is to be maintained on a non-trivial interval the&) gjives

o'(v) = — (11.3)

Np’
But ¢’ is a strictly increasing function @f and so (1.3) has a unique solution= V.
During a chage phase power is applied to the battiy chage phase is to be maintained

on a non-trivial interval then {12) gives

Ngd'(v) = ”D (11.4)
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Equation (1.4) also has a unique solution= W. The two singular cases both require
constant speed operation, with the disghapeed/ and chage speedV related by

¢'(V) = ngd'(W) (11.5)
and, becausé' is strictly increasingy < W.

If the battery is perfectly &€ient thenr]B = 1 andV = W. In this special case the
dischage, solar and chge modes correspond to the single hold mode derived in the
previous two chapters.

11.2 Control transitions in an optimal strategy

The optimal strategy depends on the evolution of the varrpbBut ) is continuous,
since the adjoint variabher2 and speed are both continuous. Becauséas continuous,
only certain control transitions are possible. These are shown in Eipire

There are two critical values gf, corresponding to the two singular control modes:

-1
o = $'v)

for the dischage mode and

_ Ng _ 1
e~ ov) ~ oW

for the chage mode.

By examining the behaviour of at transition points it is possible to derive further
conditions for transition. As with the simpler problem analysed in the previous ¢hapter
Taylor series expansions in the vicinity of a transition pbintt, can be used to derive
necessary conditions for a transition at that point.

regen chage solar dischage power
- - P P P P
- > <
Nc Np >

Figure 11-1: Sincen is continuous, only certain cootrtransitions ae
possible. The shadedgions corespond to singular cordt modes.
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Transitions atn = Np

At n = np transitions may occur between any two of the following control modes:
* power withp = Py andn > Np;
» discharge withp = ¢(V) andn = Np; and

e solar withp = sandn <Np-

Let t, be the transition time and writg = v(t,) andr]O = n(ty). Let

o = Pty = tIiﬁrqop(t)

and
0= p'(ty) = lim p'().
t-tg

Becausep(t) is not necessarily continuoustat t, we will use one-sided limits when
required. Fot neart, the Taylor series expansion gfis dominated by the first non-zero
term, and hence:

o |f VO¢V then

7 =g+ [m\d ¢'(V3))’(—V<;>’(V)

(t- to)

* if vy = Vandp, # ¢(V) then
24
1=+ 2 | b (P00 (1)
 if vo = Vandp, = ¢(V) then

2<1>"(V)

Table11-1 indicates regions negr = Np where the value af is valid—that is, where

the Taylor series expansion satisfies the conditions for operation in the given mode. The

table can be used to determine the possible transitions-at - For example, i7y <V
then the only feasible mode at tintest is power and the only feasible mode at times
t>t, is solar The only possible transition at speegis< VV are from power to solar
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solar discharge power
n<np n=np n=>nNp

t<ty, t>ty t<ty >ty t<ty >t

Vo>V 0 0 O O 0 0
VO:V a b O O O O
Vo<V O 0 O O O 0

Table 11-1: Regions nean = Np wheke the value of] is valid. Tansitions
to or from dischage V can only occur if/, = V. Transitiona requires
s<¢(V) or [sy=¢(V)] O[s,>0]; tranS|t|onbreqU|ress< o(V) or

[so=9MW)] O[s(<0]
Transitions atn = Ne
At n = n. transitions may occur between any two of the following control modes:
* solar withp = sandn > Nes
e charge withp = (W) andn = Ne and
¢ regenp = -Pg andn < Ne-
Fort neart, the Taylor series expansion for is dominated by the first non-zero term:

« if vy# W then

¢’ (Vo) ¢'(W)

* if vg = Wandp,# ¢(W) then

2411
1=nc* 3| | wry [P~ 90 [t

e if vg = Wandp, = ¢(W) then

2¢""(W)
=06 ¢l | grmg PO T

Table11-2 indicates regions negr = Ne where the value af is valid. As before, the
table can be used to determine the possible transitions:at]c. Once again, there are
restrictions on transitions to and from solar
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regen charge solar
n<nNc n="neg n>nNec
t<ty, t>ty t<ty t>ty t<ty t>t
Vo> W 0 0 O O 0 0
Vo= W O O O O a b
Vo<W O 0 O O O 0

Table 11-2: Regions nean = Ne whee the value of is valid. Tansitions
to or from chageW can only occur i, = W. Transitiona requiress > ¢(V)
or [sp=¢(V)] O[s',>0]; transitionb requires s> ¢(V) or

[so=¢M)] O[s,<0].

The possible control transitions in an optimal strategy are summarised in HefirEor
example, a change from regen requivesW before the change, and you can change to
chage withv = W or to solar withv > 0. From solar you can change to power with
vV, to dischage withv = V, to chage withv = W, or to regen withv <W.

Some transitions are not feasible if the initial and final speeds of the car are zero:

* Transitions to power requing, = V. Following such a transition the speed of
the car will remain abov¥, and no further transitions will be possible.

* Transitions from regen requixg = W, and can only occur if the initial speed
of the carv(0) = W.

v regen chage solar dischage power
A — >
. \ / — —
/ \ - >
. ! \ /Y
- \
T —

\/
-

\J
=

Nc Np

Figure 11-2: Possible contil transitions in an optimal strateg¥he gey
arrows indicate that solar power can sometimes be used ®aiseor
decease speed thughv = Vorv = W.
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11.3 Calculation of transition points

Transition points are determined by the evolutiom ofrhe points at which the critical
values ofn) occur can be determined directly by solving théedgntial equation

d
o= e - 1] (11.6)

or indirectly by solving an equivalent integral equation.

Discharge—solar—charge transitions

Consider the solar phase in a disgeaisolar—ch@e sequence. If the solar phase starts at
time t, and finishes at timg then

Vi = V(L) =V,
n, = n(;) = ny,
Vi = W) = W,

N = NtY = ne.

For each speed segment[t;, t;] — [J equation (1.6) can be rewritten as a first-order
linear diferential equation

0w, 1

gt v et (12.7)

Equation (1.7) can be solved using the integrating fae%tp, wheref: (-, t;] - [
Is given by

t

¢'(v(1))
- D) dr.
t

B(t) =

The integrating factor is defined withregarded as known because numerical solutions
of (11.6) convege only if time is run backwards. Integrating.(2) fromt = t, tot = t;
gives

i

e~ Np &P L8] = [0 (&P 80T} .
{;

Integrating by parts then gives the transition equation
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p
A p = ()
oW P =0V
(V)
t t, t >
Figure 11-3: Transitions for a typical dischge—solar—chage sequence.
Speed initially de@ases during the solar phase.
t
df 1 _
J'exp [G(t)]dt[q),(v)}dt =0 (11.8)
ti

which can be solved fdy, sincev(t;) = W andt; is assumed known. F¢t1.8) to have
a solution it is necessary that

d[ 1 }: ~¢"(V) dv
A XU

take both positive and negative values in the inteftal] . But$''(v) >0, so
acceleratiordv/ dt must take both negative and positive values in the interval.

From Tablel11-1, the sequence discharsolar—chge can only occur if solar power is
increasing. Supposg(t) > 0 throughout the interval. The transition from disgjeato
solar att = t; requiress; = s(t;) <¢(V), sov must first decrease from the initial value
v; = V and then increase to the final valye= W. Equation(11.8) guarantees that there
is at most one solution poibt= t; in the region wherg(t) < ¢(V).

A typical dischage—solar—chge sequence is illustrated in Figdde3. Notice that the
change from dischge to solar occurs with< ¢(V); you have to know in advance ttsat
will increase. At the end of this chapter we will construct an optimal jouamelyshow
that in practice the time intervg) - t; is less than a minute.

Charge—solar—discharge transitions

Now consider the solar phase in a geatsolar—dischge sequence. The transition
equation (1.8) still applies. This time, howevehe sequence can only occur if solar
power is decreasing. Suppasg) < 0 throughout the solar intervdt, t] . The
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transition from chage to solar at = t; requiress; = s(t;) > ¢(V), sov must firstincrease
from the initial valuev;, = W and then decrease to the final valye= V. Once
again,(11.8) guarantees that there is at most one solution peint; in the region where

s(t) > ¢(V).

11.4 Existence of transition points

The transition equation 118) gives a necessary condition for switching into a solar phase.
Under certain conditions it is possible to show that the transition equation has a solution.

Consider the transition from disclgarto solar as solar power increases, and suppose that
solar power is given by the continuous function

06(Vp) t<p
]

s(t) = po(t) pst<q
DWy)  g<t

wherea(t) is monotone increasing on the interfa@l, q] and whereV/y <V <W<W,,
as shown in Figurél-4.

How doesn behave whemp = s? In the regiort > g the power to the drive system is
p(t) = ¢(Wy), and so

d _ g -1
dv = $(Wp) - o)

Integrating this equation gives

__C-v
= Wy - oW

d(Wp)

Figure 11-4: If solar power inceases
continuously and monotonicallyofin a
constant leveth(Vy) < $(V) to a constant
o(Vp) level $(Wy) > d(W) then it is possible to

show that the transition equation has a
>t solution.
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whereC is a constant. Setting = W, generates an curve

h) = oY 11.9

NETUSELTO) (9
with

limhy) = L+ = .

AW = gy = o

Note thatdh/dv <0 for v<W,, and soh(v)| Ko asvi Wy Surroundingn curves can
be analysed by setting

C = W,+0.
Each value ob generates a curve

B 8
hs(v) = h(v) EAETTOR

If 3> 0 thenhg(v) >h(v) andhy(v) — c« asvt W,. Alternatively if d <0 then
hs(V) <h(v) andhg(v) —» — 0w asvt W,. Butvt W, ast — o, and so
* hg - o« ast - « forall >0,

. hO—»K ast - o, and

0

* hy - —= ast - » forall6<0.
These three curves are illustrated in Figlire.

During the solar phasg must decrease from(t;) = Np to nty) = nCwith v(t) = W
and

dn

7l =o. 11.10
i (11.10)

i

0 Figure 11-5: Curveshg. The middle curve
corresponds t®d = 0, the upper curve to
>t 0 >0, and the lower curve td < 0.
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The n curve given by (1.9) is critical—only curves lying above this critical curve can
satisfy condition (1.10). The critical curve can be extended back into the regianin
the following way Chooser < g, then letv () be the speed profile with{t) = V and let

Wy = v (1)
O(Wp) — ¢(v(D)

N () = h(v(t) =

in the regiont > q. The curveqTT satisfies the diérential equation @L.6) in the region
t > q and has the additional property tln]qlf(t)i Ky ast — . For eactr there is a
uniquely defined speed curve and a corresponding unique cunylé* in the region
t>q. Each curve]TT can be extended back into the inter{alq] by solving the
differential equation

d
ot = e #0HON -1 (11.11)

with boundary conditiom(q) = r|TT(q). It is now possible to show that there is a special
pointt = w and a corresponding special cury(ST such thaan(w) = np.Lett = t,
denote the unique solution to the equas(ih = ¢(V). The proof is in three parts:

e Lemma 11-1 shows thatif = Ty thenr]TT(T) <Np-

¢ Lemma 11-2 shows thatifll [p, t, /] andnTT(T) <Np thennTT decreases
throughout the intervalt, q] .

* Lemma 11-3 shows that ﬁpr(p) <np then there exisf < p such that
n (@ >np.

The first two lemmas imply that if there is a painsuch that mT(oo) = Np then it must
lie in the region(-co, t,,) . The third lemma, combined with a continuitgament,
shows that if the poird does not lie in the intervdlp, t,] then it must lie in the interval
(=, p) . It can then be shown that the cury(gT divides the(t, n) plane into two
regions, and that in the uppermost region there is a uniquely defined solar ifitetypl
with v(t;) = V, n(t;) = np, v(t) = Wandn(t) = n..

Lemma -1 Lett = t,, denote the unique solution to the equats{th = ¢(V). If
T =ty thenn (1) <ng.

Proof From (1L.11),
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an 00 g
dt  mv, 0T Tmyg
If we define

EACEC)
0= ey
t

then integrating front = T tot = q gives

1

VT(p))dp{ exp [8,(p)] } dp.

n(a) - n(t) exp [6,(1)] -J’¢(

Butv (p) =V forallpO (t,q),and sol/¢'(v(p)) < 1/¢'(V) = Np- Since
d
d—p{exp [6:(P)]} <O

it follows that

q

1
J’¢ - (o)yapt P (O} db > f”D {exp [8,(p)] } dp

and hence
n() - n(r) exp [6 (V)] >Ny - Ny, expd_ (7).

Sincen(q) < Np it follows thatn(1) < Np- ThusnTT(T) = n(t) <lwhent =t,,.
[]

Lemmal-2 Ift0 [p,t,] and an(T) <Np then the curve]TT deceases tlwughout
the interval [T, q] .

Proof Sincedr]TT/dt is continuous and since

dp t
de'c |, 0

it follows thatdr]TT/dt < 0O forallt<qg and suficiently close tog. Lett = t, be the
point wheres(t) = ¢(v,(t)). Suppose there is some poirfl (t., ) with
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dn

atlt| =0

r

anddn.t/dt< O foralltO (r,q) . From (1.6),

ahn_ 1
2

1 H¢TW—1JdV

oM+ ne -

and since

dp 1

atlt| =0

r

and
dv

T

1 >0
dt

r

it follows that

T r
dzn J N (N 67 (v() v, 0
dt? |, mv () dt |,
But
d, 1| =
= = 0’
dt't |,

implies n_T(t) >n_T(r) for all t >r and suficiently close tor. This contradicts the
assumption thatn_t/dt < 0 for t>r. Thusdn T/dt< 0 forallt O (t, ).

If r]TT(r) <np then equation (.11) shows that

d

ar]T'I' < 0.

T

Sincedr]TT/dt IS continuous and since

d

ar]T‘l' <0

T

it follows thatdnTT/dt < Oforallt>T1 and suficiently close tor. Suppose there is some
pointr O (t,t.) with

dpt

atlr| =0

r
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anddnTT/dt < OforalltO (t,r).Asimilar agument to the one used above shows that
dn.f/dt< OforalltD (r,t,).

Hencedn T/dt<0forallt0 [t,t.) O (t,q] and, by continuitydn T/dt< 0 for
t=t. ThusnTT(t) is strictly monotone decreasing on the interjalq] .
[]

Whent = p the conditiom IOT(p) <nNp, fromLemma 1-1 witht = p, implies that the
curver]pT is strictly monotone decreasing on the interpalq] , and any point with
nTT(T) >N must lie in the regiom < p. In this region we havs(t) = ¢(V,) and the
curve an satisfies the diérential equation @.11) with

nm = n.f (P

and so
V- Vo+D 111
L TORTIOA) (11.12)
whereD is a constant. Setting
D = n.T() [$(v(P) — d(Vp)] — [V¢(p) — Vol (11.13)

generates a curvg = k(v) with
k(v¢(p)) = n.T(p)

and withdk/dv >0 for v [v,(p), V] . Substitutingv = v, and (1.13) into (1.12)
gives

[Ve() = v¢(P] +nT(P) [d(v;(P)) = O (V)]
O (v (D) - ¢ (Vp)

an(t) = (11.14)
in the regiont <p.

Lemma 1-3 If in(p) <np then thee exists < p such thatr]ZT(Z) >Np-

Proof At the start of the solar phase the speed of the sgfts = V. From (1..14),

[V = v (] +n.T(p) [d(v,(p) — O (V)]
(V) - 0(Vy) '

nt( =
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¢
Ly
Figure 11-6:1f L,, is the tangent t® at
speedV, and ifV, <V, then thee exist
>V 8>0 so thatl,(Vy + ) <d(V).

In the intervalt < p the speed/;(p) | Vy asty —oo, and sop(v,(p)) > ¢(V) and

oy V= v.(p)
UUURgr T =r AL

LetL,(w) = ¢(v) +¢'(v) (w—-v) for any two speeds andw. SinceV, <V there exists
0>0 so thatl,(V, + 9) < (V,), as shown in Figurgl-6. Suppose the speed of the car
attimep is v (p) = Vy+9d. Then

I—v(V) - I—v(Vo +9)
¢'(V)

OV ~Ly(Vp+9)

B ¢'(V) '

But L,/(Vy+0) <9(Vy) and so

V- (Vg+3) =

V- (VO+6) S 1
V) -6(Vy (V) o

and there exists = { such thanZT(Z) >Np-
O

BecausenTT(T) depends continuously anthere must be some poiatl! (¢, t,) with
r]wT(w) = Np- Typical curvess, v andr]wT are shown in Figur#&l-7.

The special curvqu(t) divides the(t, n) plane into two regions. Letl] (w,t,) be a
proposed transition time and consider the curyeatisfying the dferential equation

dr]'l' _ 1

dt = e 040N -1
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s
A
d)(WO) S
(V)
(Vg
p fy q » t
v
A
W
V\? Y Vo
V
v, 7
® pt, fy ] >t
n
A
N \
KO &n(&ﬂ_ :
w P ty q >

Figure 11-7: Typical curvess, Vo and %T-

with n_(t) = np. The fundamental existence and uniqueness theorem for first-order
differential equations can be used to show that:

* the curven_ lies above the special curm%;r

* the curven_has a minimum turning point &, n) = (u(1), k(1)) with
N1 0 asty oo;

s Mi(wty) - (t, ») isaone-to-one correspondence;
* u(1) depends continuously anand decreases asncreases;

c Ki(wty) - (KO, nD) , whereK0 = 1/¢'(Wp), is a one-to-one
correspondence; and

* K(T1) depends continuously anand increases asincreases.

Whent < w the curven_ lies below the special cur\namT . Furthermoredn_/dt <0 for
all t>t andn (t)y — asty .

The family of curves) is illustrated in Figurd1-8.
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[

N

) ) o
\\\: /)

K w

» t

w pT oty a u(o)

Figure 11-8: Curvesn _ for variousT U (w, ty)) .

If nct (KO, r]D) there is a transition tineelJ (w, ty;) such thak(t) = Ne- By setting
t =1, t = W), v(t) = v (t) andn(t) = n () it can be seen that there is a uniquely
defined control interva[t;, t;] and a corresponding curve withn(t;) = Np and

ntY = ne.

11.5 Example

The best way to illustrate the procedure for constructing an optimal strategy is with an
example. Suppose a solar car race starts two hours after sunrise, travels for nine hours, and
finishes two hours before sunset Wish to maximise the distance travelled.

The parameters for the example are giverainld11-3. The car parameters are based on
those of the top cars in the 1993 and 19%8l8VSolar Challenges.

Parameter Value

solar power s(t) = 1700sin (mit/ (13 x 3600) ) W
maximum drive power P; = 3000W

maximum regenerative braking P, = 3000W

power

mass m = 250kg

acceleration due to gravity g = 9.8m s2

number of wheels N =3

Table 11-3: Parameters for a solar racing car



An inefficient battery 91

Parameter Value
resistance coé€ients ¢, , = 0.005
c,, = 0.052kg st
C A = 0.095m?
air density p = 1.22kg 3
battery eficiency ng = 0.85

Table 11-3: Parameters for a solar racing car

The strategy for the journey is power—disgfeatsolar—chge—solar—dischge—solar—

regen. The chge phase is used during the middle of the day veter ¢(W). The final

two phases, solar and regen, are positioned so that the car stops at the correct finishing
time.

For a given dischge speed/, the chage speedV can be determined fromi(5). The

two holding speeds and the control strategy then determine the entire jaunthégnce

the distance travelled and the ayyeused. Increasing the hold speeds increases the
distance travelled and the egguused; decreasing the hold speeds decreases the distance
travelled and the engy used. By selecting an appropriate disghapeed/ it is possible

to construct a journey that maximises distance for any desireglyamgrsumption, or that
minimises enagyy consumption for any desired distance.

An optimal journey withV = 23.6 (85km/h) andW = 25.9 (93.3km/h) is shown

in Figure11-9. Thesolar speeaturvecp_l(s), shown as a dotted line, indicates the holding
speed that could be maintained using only the available solar goWke functionss
andn were calculated using an adaptive Runge-Kutta scheme to solve the relevant
differential equations.

Three of the transition points require no detailed calculation:
* power—discharge occurs when= V,
e solar—charge occurs when= W; and

» solar—discharge occurs whegn= V.

The final solar and regen phases must be positioned s@(fat 0. Let T be the time

at which the final solar phase commences, with = V andn(t) = Np- The final
transition to regen occurs wheyt) = Ne and can be found by solving the appropriate
differential equations for andn. The appropriate transition timds found by searching
for the timet that givesv(T) = 0. Brent’s algorithm was used to perform the search.
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Figure 11-9: Optimal strategy for the example journ@ye top two graphs

show then andv curves. The second graph also shows solar sﬂ)éé(d;)

(dotted). Details of the six transitionseashown in the six smaller graphs.
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The remaining two transitions, dischessolar and chge—solarare more dffcult to
calculate. For the disclgg—solar transition it is necessary to search for a transition time
T and associated curves andn_, described in sectiotl.4, so that(t) = V,

Vipm™] = W, n() = Np andn [u(t)] = N The search is complicated by the
behaviour of the diérential equations fov andn; the numerical solution for
conveges only ift increases, whereas the numerical solutiomfaonveges only ift
decreases. This difulty can be overcome by calculating the speed profite

tO [T, u(1)] with v(t) = V andt increasing, and then using the resulting valuestof
calculaten for t O [T, u(t)] with n[(t)] = Ne andt decreasing. This procedure is
repeated for various candidateuntil a solution is found witm(t) = n. A similar
procedure is used to calculate the transition fromgehtr solarEfficient numerical
algorithms were developed and used to calculate the transitions shown inl&Ei§ure

11.6 Summary

For the simplified solar car problem with a constafitiehcy batterythe optimal driving
strategy uses five driving modes:

* maximum power;

» discharging at a lower critical spe¥(d

* solar power;

» charging at an upper critical spe®f and

* maximum regenerative braking.

For typical cleassky irradiance the optimal control sequence is power—digehsaolar—
chage—solar—dischge—solar-regen. The two holding spe¥dsndW are related to the
efficiency of the engyy storage systemg by the equation

o) _
o'W - e

If the enegy eficiency of the battery is less than perfect tneBn< 1 andV<W. For
reasonably dicient batteries, howevethe two holding speeds are fatiéntly close that
differences between the optimal strategy and a constant speed strategy are small.

If solar irradiance is assumed known then standard numerical procedures can be used to
calculate precise control transition points for an optimal journey



12 Gradients

Up until now we have assumed that the road is level. In this chapter we introduce
non-constant gradients to the model. Our assumptions are:

» solar irradiance does not depend on location,
« the car has a single battery with constant energy efficiency, and

» the battery is sufficiently large that battery power and charge constraints are
never binding.

Gradients do not change the form of the solution; the optimal strategy still has a lower
hold speed used when the battery is diggihgrand an upper hold speed used when the
battery is chaing.

This chapter is based on a paper by Howlett & Pudney (1998).

12.1 Poblem formulation
The state equations for the new problem are

dx

Xy, (12.1)
V= PRy +6R)|, (12.2)
and
dQ _ _
4 = o) (12.3)

whereG is the force on the car due to the gradient of the road, given by the formula
G(X) = —mgsinB(x)

where® is the angle of slope of the road.
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For a battery with constant eggreficiencyng U [0, 1] , the current corresponding to
battery poweb is

b>0

I(b) = o

(o8] m| T

n

OoOoodd

m ‘

b<O0

wheree is the battery emf. The normalised Hamiltonian for the simplified problem is

T
- 2P _ -
H = n1v+ﬁ[\7 R(V) +G(x)} Cl(b)
with corresponding adjoint equations

drt TC

] (12.4)
ZILZ - EL‘; RO -7y (12.5)
By defining
and
¢(v) = VR(V)
we can rewrite the Hamiltonian and adjoint equations as
H = mv+n[p-o(v) +vG(Xx)] - Cl(b) (12.6)
dr,
G = -nvG'(X) (12.7)
o oW - 600 N} (128)

Grouping the terms that depend on the control, the Hamiltonian can be rewritten as

oln-nplb +... b>0

On-nglb +.. b<0

Wherer]D = C/¢ andnc = ngCr/e.
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12.2 Necessary conditions for an optimal strategy

The optimal control maximises the Hamiltonian, and so depends on the valu&lod
usual five cases apply:

power Np<n O b=P;-s

dischage n=np O b0 [0, Py —9]

solar Ng<n<np O b=20
chage n=nc 0 b0 [-Pgr-s,0]
regen n<ne O b=-Pg-s

The singular dischge mode requireg = Np- If this condition is maintained on a
non-trivial interval then

dnl

G = Ve = -np 9[GM]

and so

m = -n,GK) +A (12.9)

whereA is a constant of integration. Bdy/dt = 0; substituting (12.9) into (12.8) gives
r]Dq)'(v) = A. Sinced(v) is convex, this equation has a unique solution V, and the
dischage mode corresponds to speed holding with

b(t) = ¢(V) - VG(x(1) - ().

Similarly, the singular chge mode requireg = Ne- If this condition is maintained on
a non-trivial interval then

M= - r]CG(x) + B,

whereB is a constant of integration, and r$e¢’(v) = B. This equation has a unique
solutionv = W, so the chaye mode corresponds to speed holding with

b(t) = (W) - WG(x(t)) - s(1).

The optimal driving modes are the same as for level track. Unlike level track, hpivever
is not obvious that there is only one disggaspeed and only one charspeed, with a
simple relationship between these two speedswilVshow that the optimal strategy has
these features in the next section.
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12.3 How many holding speeds?

To show that there is only one disaipaispeed and only one charspeed we need to
consider three types of transitions:

* transitions between discharge and charge using a solar phase,
» discharge—power—discharge transitions; and

» charge-regen—charge transitions.

Transitions using solar
Consider an optimal journey with
« discharge intervalga,, B;,) withv =V,

* charge intervals(yj, 6j) with v = VV] and

+ solar between these intervals.

The chage in the battery at the end of the journey will be
B

Q(T) = Q(0) + i Z I(S(t) ~ [0(V) —V;G(x(D)] ) dt
g

5

g
+SZ I(S(t)— [O(W) =W, G(x(t))]) dlt |.
Y

Fort [ [di, Bi] we have
x® = x(@)+V;[t-a],
and fort O [yj,6j] we have
X(©) = X(y)+ W, [t-y].
Suppose we wish to maximise the distance travelled in a fixedtiswbject to a chge

constraintQ(T) = 0. The cost function to be maximised is

T

J = J’v(t)dt.

0
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Necessary conditions for a solution can be found by forming a Lagrangean
L =J+AeQ

and then applying the Kuhna€ker conditions

oL _ oL _
67\/i = TV\/J = 0. (12.10)

Figure12-1 shows a dischge phase surrounded by solar phases. The relationship
between the holding spe&d and the distance travelled is given by

o T
J = [vdt+V, ([3i —(Xi) + [ vdt
! I
with
da. B, da, dB,
v = V@ gy * (B =) +V, S;Vi—dvig—v(si)w.

Sincev(ai) = V(Bi) = V; we have
aJ _ , _
v, - B~

for each interval(ai, Bi) . The relationship between the holding sp¥ednd the final
battery chage is given by

<

/

solar dischage solar

Figure 12-1:A dischage phase between
> t two solar phases.




B;
eQ(T) = +J’(S(t) = [6(V)) = V,G(x(V)] ) dt + ...
al
B; x(B,)
= +J's(t)dt - o(V) (B, — &) + ([ G(X)dx + ...
a. x(a.)
and hence

5 B, da
ov [EQ] = sB)gy ~ ) gy
dp. da
—¢(V><B—a)—¢(V>[dV dv}
* | GO, »d—vx«s ) - G(x(@, »—x(a )

But

da, .
di\/i = mV; [s(a,) = o(V)) +V;G(x(a,))]
dp. L
dv, = MViLsb) = (Vi) + Vi CKE))]

da. da.

d _d i

dp,
v ) —d%x(s)dv Vigy
which gives
d - ' _
Wi[sQ(T)] = =0'(V) (B, —a)).

The partial derivative of the Lagrangean function is therefore

oL _ dJ
GV 6V

= [1-A'(V)] (B, - a)

0
“Agey QD]

For each chae interval (yj, 6j) a similar agument gives

Gradients

99
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oL _ ,
ow = [LAnge ()] (3 -y).

The Kuhn-Tucker conditions (12.10) give the relationship between the holding speeds:

[EEN

d'(V) = ¢'(W) = .
Thus there are only two distinct holding speadsandW, related by
'(V) = ngd'(W).

Discharge—power—discharge transitions

We use a dierent method to show that a disad@rpower—dischge sequence has the
same holding speed on each of the digphartervals.

Suppose we switch from disclgarwithn = N to power withn > Np and back to
dischage withn = Np- Assume that the power phase occurs on a time intéay&l) .
During the power phase the Hamiltonian is

H = mv+n[Pr=¢(v) +vG(X)] —ny [P -s(t)] (12.11)
with

M = s
and hence

H = Ha+nD[s(t) -s,].
At t = a equation (12.9) gives

My = Np [0/(V,) = GO -
Substituting this into (121) gives

Ha=Nps, = nNpVaR (V). (12.12)
At t = b a similar substitution gives

Hp = NpS, = aniR'(vb). (12.13)

ButH, = H,+ng (Sp—Sy),and scH, - NpSy = Ha=NpSa- Equating the right hand
sides of (12.12) and (12.13) giveg = V.



Gradients 101

A dischage—power—dischge sequence must therefore start and finish at the same speed.
This can only occur if the road incline is so steep that the speed of the car remains constant
during the power phase, or if speed both increases and decreases during the power phase.

Charge—regen—charge transitions

Suppose we switch from clogg withn = N toregen withn < Ne and back to chge
withn = N The regen phase occurs on the inte\zlb) . During the regen phase the
Hamiltonian is

H = T +n[-Pg=0() + GW] +n [ + Pyl

with
dH _ ,
a - rICS (t)!
and hence
H = Ha+nc[s(t)—sa].
Att = a,
_ 20
Ha—ncsa = nCVaR (Va).
Att = b,
_ 250
Ha=NcSy = NcVpR (V).

A chage-regen—chge sequence must also start and finish at the same speed. This can
only occur if the road decline is so steep that the speed of the car does not decrease during
the regen phase, or if speed both decreases and increases during the regen phase.

12.4 Transitions

Transitions between optimal driving modes depend on the evolution of the adjoint
variablen. There are two critical valueg: = ny andn = n..

Transitions atn = Np
Atn =n, transitions may occur between any two of the following control modes:

* power withp = Py andn >n;
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e dischargeV with p = ¢(V) andn = Np; and

e solar withp = sandn <Np-

Let t, be the transition time and writg, = v(ty) andr]0 = n(ty). Let
Pg = P(ty) = lim p(t)
t-tg
and
P'g = Pty = lim p'(t).
t-tg

Becausep(t) is not necessarily continuoustat t, we again use one-sided limits when
required. Fott neart, the functionn can be approximated by aylor series:

o if ¢'(vg) — G(xg) # T[l(to)/r]D then

n .1 _ M
o=t mvo[[cp (9 =Gl = }(t to) (12.14)

o if 9'(vg) —G(xg) = T[l(to)/r]D andpgy # ¢(vg) — vyG(xy) then

¢"(Vo)r 1 12
n”D =14, [m\d [Py~ B(vg) + VoG] (t-tp)?
(12.15)
o if §'(vg) —G(xg) = 1(to)/r]D andpy = ¢(vg) = vyG(Xy) then
n "o 1 2, ,
rTD:“ - [m\d [P+ V3G (X (t-to) 3. (12.16)

These three equations can be used to derive conditions for specific transiqionsrqg.
A transition from power requires > n for t <t,. There are two possible cases:
¢ $'(vp) = G(xg) < T[l(to)/ Np
o 0'(vp) —G(xg) = T[l(to)/ Np andP4 > ¢(vg) — VG(Xp)
The conditionP+ > ¢ (vy) — VyG(x,) is satisfied when full power increases the speed of
the car It will not be satisfied on sfigiently steep inclines.

A transition to power requiras > Np for t>t,. There are two possible cases:

o 0'(vg) —G(xg) > T[l(to)/r]D
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* 9'(vg) —GXg) = m(tg)/ Ny andPr>d(vg) — voG(xp)

A transition from solar requireg <n for t <t,. There are three possible cases:
* 9'(vg) — G(xg) > (tg)/ Ny
* 0'(vg) —G(xg) = m(tg)/np andsy < d(vg) = vG(xy)
* 9'(vg) —G(xg) = m(ty)/ Ny andsy = ¢(vy) —VpG(xg) ands’y > VSG'(XO)

A transition to solar requires < Np for t >t,. There are three possible cases:
o ¢'(vp) = G(xgp) < T[l(to)/ Np
o 0'(vp) —G(xg) = T[l(to)/ Np andsy < 0(vg) = voG(Xp)
¢ ¢'(vg) —Gxg = 1(to)/r]D andsy = ¢(vg) = VG(xg) ands’0 < ng'(xo)

A transition to or from dischge requires/, = V.

Transitions atn = Ne

Whenn = Ne transitions may occur between the following control modes:
* solar withp = sandn >Ne
* charge W withp = ¢(W) andn = n; and

 regen withp = -Pg andn < Ne-

The analysis of transitions is similar to thahat Np- Fort near the transition timeg,
the Taylor series approximation tp is:

o if §'(vg) — G(xg) # 1Tl(t0)/r]C then

n m, (to)

% =1 mvo{[q) (Vo) = G(Xp)] - Ne } (t=1tp) (22.17)
o if 9'(vg) —G(xg) = 1(t0)/r| c andpgy # ¢(vg) — voG(xy) then

n _,, %W\

e [ } [P~ 6(vg) + Vo8] (t-

(12.18)

o if ¢'(vg) —G(xy = 1(to)/r]C andpy = ¢(vg) — VyG(xp) then



Gradients 104

"' (v 2
nnc 6 0 [m%d [P'g+ V55 (0] (t-10)°. (12.19)

A transition from solar requires > Ne for t <t,. There are three possible cases:
o $'(Vg) —G(xg) < T[l(to)/ Np
o 0'(Vp) —G(xg) = T[l(to)/ Np andsy > ¢(vg) = voG(%p)
o d'(Vp) —G(xg) = T[l(to)/ Np andsy = ¢(vg) —VvG(Xy) ands' 0< VSG'(XO)

A transition to solar require$ > Ne for t>t,. There are three possible cases:
o $'(vp) — G(xg) > T[l(to)/ Np
o d'(Vp) —G(xg) = T[l(to)/ Np andsy > ¢(vg) = voG(%p)
o d'(Vp) —G(xg) = T[l(to)/ Np andsy = ¢(vg) —VvG(Xy) ands' 0> VSG'(XO)

A transition from regen requirgp< Ne for t<t,. There are two possible cases:
o $'(vp) = G(xg) > T[l(to)/ Ne
o 0'(Vp) —G(xg) = T[l(to)/ Np and-Pg < d(vg) — VG(Xp)
The condition-P < ¢(vp) — voG(xy) is satisfied when full regenerative braking
decreases the speed of the ttawill not be satisfied on sfifiently steep declines.
A transition to regen requirep<n for t >t,. There are two possible cases:
* 0'(vp) — Gxg) <m(te)/np
o 0'(vp) —G(xg) = nl(to)/ Np and-Pg < d(vp) — VG(Xp)

A transition to or from chae requires/y = W.

The possible transitions are summarised in Figar@.
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v regen chage solar dischage power

4'\
—
\

A

!

—

B

§ >
-
- S s

\/

Ne Np

Figure 12-2:Possible conwl transitions in an optimal strateg¥he shaded
region A coresponds to speedg satisfyingd'(vy) - G(xy) = 1(to)/”c-
The shadedagion B coresponds to speeds satisfying

¢'(vg) = G(xg) = 1(to)/r]D. Compae this diagram to Figue11-2.

12.5 Construction of an optimal strategy

Perfectly efficient battery

If the battery is perfectly &€ient then the dischge speed’/ and the chaje speedV are
equal, and there is a single holding speed for the joulieysolar mode, used between
dischage and chaye, is no longer required, and an optimal journey has only three driving
modes: powethold and regen.

To construct an optimal control sequence we need to distinguish between steep and
non-steep gradients. An incline is steep at speiédaximum power is not sfi€ient to
maintain speed on the incline. Similarlya decline is steep at speed maximum
regenerative braking is not $iafent to maintain speed on the decline.

If the road has no steep gradients for the range of speeds required for a particular journey
then the speed of the car will always increase during a power phase and decrease during
a regen phase. The only possible strategy for a journey starting and finishing at rest and
satisfying the transition conditions is power—hold-regen.

As the journey hold speed increases, the time required to complete the journey and the
enegy left in the battery both decrease. The optimal hold speed will leave myy émer

the battery at the end of the journ@&ie optimal journey can be found using a numerical
differential equation solver to calculate a power—hold-regen joumay Q, p) for any

given hold speed. A numerical root finder can then be used to find the hold speed

that finishes with the final battery cgarQ(X) = 0.
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v
A
/\ Figure 12-3:Power phase for a steep
Y incline. The speed of the car irases
» X until the base of the incline, deases
while on the incline, then ineases back
* to the holding speed.
A
A
\//\ Figure 12-3:Regen phase for a steep
decline. The speed of the car de=ases
» X until the base of the decline, irases
while on the incline, then dezases back
- T to the holding speed.

On a steep incline, full power is not Beient to maintain the hold spe®d Previous work

on train control has shown that the optimal strategy is to change control from hold to
power before the incline, as shown in Figlige3. A similar strategy applies to steep
declines; the control should be changed to regen before the decline, as shown in
Figure12-3. The switching calculations required for steep gradients are described in the
book on enagy-eficient train control by Howlett & Pudney (1995).

Inefficient battery

If the battery has &€Eiency ng<1 then the optimal strategy has five control modes and
two possible hold speeds, and so the conditions for switching are more complex. Rather
than continue analysing this model, we will move forward in the next chapter using more
realistic battery models.

12.6 Summary

On a level road, the strategy for a car with a simpldigeft battery uses two holding
speeds. The lower of the two speeds is used when the battery is beingydhctinr
upper speed is used when the battery is beingedar

Gradients do not &fct the form of this solution, but they can disrupt the typical power—
dischage—solarchage—solar—dischge—regen sequence. Furthermore, the conditions
for changing from one mode to the next are complex.



13 Realistic battery models

In previous chapters we have assumed that the battery has consgneéicency, and
shown that an optimal driving strategy uses one speed while the battery isyiigrhad

a slightly higher speed while the battery is gimag to balance resistance losses against
enegy losses in the battery

In this chapter we consider more realistic battery models. The necessary conditions for an
optimal driving strategy no longer have simple solutions. Howexeecan show that the
speed of the car must stay close to a critical speed that varies continuously with solar
power but still within a narrow speed range.

13.1 Poblem formulation for an ohmic battery

Figurel3-1 shows a dischge polarisation curve for a typical battely the centre,
unshaded, region the polarisation is primarily ohmic, as described in Chapter 5. If the
battery is operated in this region then battery voltage can be approximated by the linear
function

V=g,-IRy 120

wheree is a dischage emf andRy, is the internal resistance of the battery while
dischaging. If current is restricted to the region of ohmic polarisation ther.

Figure 13-1:A typical dischage
polarisation curve. In the first shaded
region the polarisation is primarily
activation polarisation. In the second
(unshaded)egion the polarisation is
primarily ohmic. In the finalegion
reactant transport rates cause additional
» | polarisation.
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If we use a similar model when the battery is beinggdthive have

EﬁD‘lRD >0
V=
DsC—IRC <0

wheree; 2 e is the voltage déet while chaging andR is the internal resistance of the
battery while chaging.

The power from or to the battery is

[e.—IR,]I 120
y=p ° ° .
Olec-IRl1 1<0

Rearranging this equation gives

N B;TD[sD—/sé—me] b>0
= 0

BZlRC [sc— /sé—4RCb] b<O0

If the car has a single battery with these characteristics then the solar car problem has state
equations

dx

dt =V, (13.1)

- e a2
and

dQ _ _

e I (b) (13.3)

wherep(t) = s(t) + b(t). These are the same equations as in previous chapters; only the
expression fof(b) has changed.

We wish to minimise the time taken for the journ&y with the previous models, the
Hamiltonian for the problem can be normalised to give

H(t, &, u, T, 0) = v+ E[s - R(v)] — ClI(b)

with the normalised adjoint equation
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dr, _THrp ,
. m[\,zJ'R(V)J -1. (13.4)

If we once again let

_ 5
% mv
and
d(v) = VR(V)

then the Hamiltonian can be written as
H=v+n[p-¢()] - Cl(b)
with the adjoint equation

dn _ 1 ,
gt = mylne'™-11. (13.5)

13.2 Necessary conditions for an optimal strategy

The optimal control maximises the Hamiltonian. Grouping the terms depending on the
control, and substituting = s+ b, the Hamiltonian can be written as

qu+2|c; /sé—4RDb+... b>0
D

H=
0 C 2 _
Dnb+—ZRC P 4RCb+... b<O

The controlo” required to maximise the Hamiltonian depends on the value of the adjoint
variablen . The Hamiltonian is maximised when

%—L b>0

0 Jeg—4Rpb
0
0 C
0
0

a eZ — 4Rcb

Solving forb® gives three optimal driving modes:

c»‘c»
ol T

b<O
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dischage n>ng

4R, LD 'n
solar nOMgnpl O b =0
chage n<ne

2
* 1 2_ C
O b _4RC[€C (ﬁ) J<O

where the critical values aof areny = C/¢y andr]C = C/sC. These critical values
are similar to the values obtained using the simpler battery model; that is, we have
Ne = NgNp for some0 < ng<1.

The optimal controb™ varies continuously witl, as shown in Figur&3-2. The
Hamiltonian corresponding to various values\ok illustrated in Figurd3-3.

Figure 13-2:The optimal battery power
0 > 1 b* increases with.

e Np

H H H
. b n b
b 0 b 5 =0 0 b
n<ng Ne<n<np Np<n

Figure 13-3:Maximising the Hamiltonian for various valuesrpf
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13.3 Construction of an optimal journey

An optimal journey can be found by substituting the optimal control into the state and
adjoint equations. The resulting system is

dt
ot s+1[e2—<c)2}—¢(v) Np <N
omv 4R, LD 'n D
dv U 1
gt B W[S—d)(v)] NcsNsNp
01 12 cz}_
Dm\/[S-FA,F\’C[EC (ﬁ) d(v) n<ne
01 C
D_ZD[SD_r] Np<n
dQ O )
a = 0 f]CSrlSﬂD
o, o
- _= e . -= <
0 2RC[C n, 150
dn 1
& = o) 1]

with boundary conditiong(0) = 0, x(T) = X andv(0) = «T) = 0. The value of the
constantC can be adjusted to satisfy the final ¢fgaconstraint. For any given value®f

this system defines a two-point boundary value problem, but one thdicisliidé solve

in practice, particularly for journeys that last many hours. Instead, we can find a practical
strategy by examining the phase portrait of theethtial equations that determine the
optimal strategy

The optimal control can be rewritten in terms of speathd the adjoint variabIH2 as

01 [82_(mvc)1 <2
E’ﬁ D T, D mv

* U Tt

b (v, 1) = E 0 chﬁflgnD.
0 2 T

1 2 mvC 2

Oy fo= (1) } 2 <n
D4RC{C T, mv 'C

Substituting the contrds® into the state equation (13.3) and adjoint equation (13.4) gives
the system of equations
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dv _

gt = v )
dr, (13.6)
a = g(V1 T[Z)

where
fv, 1) = nfv [s+b° (v, 1) ~ o (V)]
T
g(v, L) = m\; s+ b* (v, L) + VZR'(V)] -1.

Using the adjoint variablcﬂ2 instead of gives us amxactsystem (Plaat 1971), which
simplifies the process of constructing a phase portrait for the systeshow that (13.6)
Is exact we must show that

of 6g _
ov 61‘[_

The partial derivatives are

of .
=l ) - ¢(v)]+*[ab(v )~ ') |
g?_[zz[sm(v n2)+v2R'(v)] b(v ).

Straightforward algebra gives

of ag _ 1 vO i + 0y
av an mVZ[ 2611 J
The partial derivatives df* are
O 1 2 o
7(7) V. Np<_-
S_ZRC T, D~ mv
0
Ay - "
A B 0 Nes v ="o
0 2 T
1 mC 2
O-55- () — <0
0 2 0 c

and
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(mve)® 1 b
0 2R: D mv
0 2
O Tt

O = 2
AmO*1 T
0 2RD ng mv C

and so
ﬁ+ai =0
ov 6T[2

and (13.6) is exact. Furthermore, the Hamiltortars such that

and

_ _OH
9= Ty

and soH is an integral of the system and the level curved afe trajectories of the
system (Plaat 1971).

The level curves of the Hamiltoniath can be used to construct a phase portrait of the
system. Critical point{v", ;") have

av = a1'[2 =0,
which give

s+b" = (V)
and

m 1

mv o' (V)

At a critical point (V', T,,;") we have
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Figure 13-4:The solar poweraquired to give a critical speed is a strictly
increasing function. The shadesljion is between the highest disdespeed
and the lowest chge speed, and ha$ (V') = 0.
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iR (55 (CONT] op) <eg
b () = B 0 e, < CH'(V) <.

U
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This function is decreasing, and so the equatiel’ (V') = ¢(V') has a unique solution
for each value of solar powser
The critical speed” varies with solar powefhe speed, satisfying
Co'(vp) = €p (13.7)
is the highest critical speed with > 0. Similarly, the speed/. satisfying
Co'(vp) = €c
is the lowest critical speed with < 0.
The solar powes required to give a critical speet is given by
(V) = ¢'(V) -b (V)

and, as shown in Figude3-4, is a strictly increasing function. In this example the battery
parameters are; = 1.63n, Ry = 0.00650n, € = 1.67n andR- = 0.0106n, where

n = 83 is the number of cells. The parameters are from a least-squares fit to
measurements taken from a sihzémc battery The rest of the car parameters are those
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speed (km/h)
Figure 13-5:For each value of solar power the vector figldr,) has a
unique saddle poirft/ , TL," ). Points surounding the saddle point
quickly evolve to either lge v or tov = 0; the line segments on the
(v, ) trajectories indicate one-second time steps.
100
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Figure 13-6:Optimal speed pfiles passing tlmugh the point

(vv) = (V -8 m, -28) for 30 {1,0.1,0.01,0.001} . Any journey
lasting moe than a few minutes must travel at a speed very close to the
critical speedvV” for most of the journeyThe graphs do not extendo= 0
because the simple method | used to calculate the trajectories did not handle
the singularity)

given in Table11-3. The highest dischge speed/, for the example has been set to
85km/h and the constafit calculated using equation (13.7). Becasisg a strictly
increasing function of" there is a unique critical spe&d for any given solar powes.

For a given solar powes the critical point(v', T[Z*) is a saddle point. Surrounding

points quickly evolve to either lge v or tov = 0. Examples of(v, "2) trajectories

whens = 1000 are shown in Figur&3-5. For a journey to last more than a few minutes
the trajectory must pass very close to the critical point, and the speed of the car must be
very close to the critical speet for most of the journeyFigure13-6 shows some

example speed profiles.
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Figure 13-7:Critical speedvV’ for a sunrise to sunset journéhe gey curve
starting and finishingat = O is ¢_1(s), the speed the car would travel using
solar power alone.

When solar power is not constant the critical spéedill change withs, as shown in
Figure13-4. Any long journey must travel at a speed closé tdrigure13-7 shows a
journey at speed’ that starts at sunrise and finishes at sunset. The grey¢:_u]r(\$,

which starts and finishesat= 0, is the speed the car would travel if the battery was not
used. The area between the two curves is the najyeapplied to the battery during the
journey; it is clearly negative, so this journey will result in a net drop in battergechar
The speed of the journey can be adjusted to satisfy the fingkat@mstraint by adjusting
the value of the constaft.

13.4 Two ohmic batteries

If the car has two ohmic batteries then the problem has state equations

dx _

GV (13.8)

dv _ 1[p _

Gt = mly R (139

il 1,(by) (13.10)
and

g - 15(b,) (13.11)
wherep(t) = s(t) + b, (t) + b,(t) and where the current corresponding to battery ppywer

IS
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n 1 2
DzaD[%D_V%D_4&DQJ b= 0
Ii(bi) =0

BZR]}C[eiC_MJ b; <0
The Hamiltonian for this system is

H(t,& u, 1 0) = v+n[p-9(v)] - Cyl,(by) - C,l,(b,)
with the adjoint equation

dn _ 1 ,
at - ﬁ,[ﬂ‘b (V) -1].

Grouping the terms depending on the control, the Hamiltonian can be written as

H = Hy(by) + Hy(by) + ...

where

C
b'+2R / —4R ob; b, >0
i 2RC / - 4R; b bi<0

The Hamiltonian is maximised when

I:II:II:II:IE

H;(b)

G
oH _ B &p ~4Ripb o
Pi g G
n _2— bi <0
B €~ 4Rich;

Solving forb, gives three optimal modes for each battery:

dischage n>np

1 c,?
— 2 1
5 h = ()

off n o [r]ic,r]iD] 0O b =0
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chage n<Nic
2
1 2 Ci }
O b= _—"—le~.—-(— <0
! 4Rii IC (r])

where the critical values of aren.; = Ci/gp andr]iC = Ci/gc-

As with the single ohmic batterye can write the optimal controls in termsnd T, as

2
01 |2 _ imvy CimV<1T
E4RiD DOm0 &p 2

. 0 Clmv Cimv

b = O 0 ST, <
0 €ic &b
O] 2
01 |2 cimvg Cimv
04r.| Gic™ O %

c Om O ic

Substituting the optimal control into the state equations gives

dav _ 1

G = myls* b" +b," = (V)] (13.12)
and

M 1 [s+b* +b," +V2R()] (13.13)

dt 2 1 72 : '

Critical points (V', T, ) with

must therefore satisfy
s+b;” +by = ¢(V)

and, substituting this into (13.3),

el
R

')

At a critical point (V', T,") the optimal control is
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1 sy 2 1k
§4Rm - (Co'W) ] Cio'(V) <,
b* (V) = O 0 £5<Cio'(V)<gc.
B 1 2 C.o' %1y 2 C.o' *
Dmc[eic (Cio' (V)7 £..<Cio'(V)

As with the single ohmic batterthese functionbi* are decreasing, and so there is a
unique solution/ to the equation

s+b; (V) +by, (V') = &(V)

for each value of solar powsr Once again, points surrounding the critical point quickly
evolve to have either Igev or elsev = 0. Any journey lasting more than a few minutes
must have the speed of the car very close to the critical speadhich varies with solar
powers. In practice, following the critical speed will give a journey that is close to
optimal.

For a car with a single battethe value of the single parame@determines the optimal
speed curve and the final battery g¢jeario find an optimal journey we must find the value
of C that empties the battery as the car crosses the finish line. For the car with two
batteries there are two parametéts,andC,, that determine the optimal speed profile
and the chaye profile for each batteryhese two parameters independently control the
two battery power profiles olfind an optimal strategy we must find valuesGprandC,,
that empty each battery just as the car crosses the finish line.

13.5 Silverzinc battery

We now consider the silvainc battery model developed in Chapter 5. The main features
of this model are:

» currentl depends on power but not on charge, and

* |" is positive and strictly increasing over the range of possible battery powers.
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A typical current graph is shown in Figut8-8. For the silverinc batteries used by
Aurora in the 1996 and 19990Md Solar Challenges we approximated this curve by a
gquadratic

I(b) = blc, +c,b]

wherec, andc, are constants.dltake into account the capacityi@ency of the battery
we modified the model to

O b[cy +c,b] b=>0

O =0 ble,+eb] beo

Wherer]B is the capacity &tiency of the batteryThe battery used in the Aurora car had
C, = 7.61x 1073, c, = 5.06 x 1077 andng = 0.97.

The normalised Hamiltonian and adjoint equation for a car with a single such battery are
Tt
- 2P _ -
H = v+ﬁ[\7 R(v)] Cl(b)

and

::[2 = E[\;HQ'(V)J -1

To find the necessary conditions for an optimal strategy we will once again define

n= 2
m

<

to give
H =v+n[p-¢(v)] -Cl(b).

Grouping the terms depending on the conirglives

- T » b

Figure 13-8:A typical curent graph.
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_ O nb-Cbf[c, +c,b] b=0
- Enb—r]BCb[c1+czb] b<0

which is maximised when

_ 0 n-Clcy +2c,50] b>0
- En —nBC[cl+2c2b] b<0

Q)‘Q)
ol I

The Hamiltonian is similar to that shown in Figa/@ 3. Solving forb™ gives the usual
three control modes:

disch e, 0 B = %,
ischage  n>Cc, = 2cc,

solar nO [ngCcy,Ccy] O b =0

h <n,Cc, O b —n_nBccl<O
ohege Nhat 8P anos,

The optimal control is therefore

n-n
BZCCZD Np <N

b* = BO NcsN<np
SURLR
02n4Cc, N<Nc

Wherer]D = Ccq andr]C = ngCc;.
As with the ohmic models used earlier in this chajher system

dav _ 1

W L ses - o)
d
;5:]'b+6+$wm]—1
t m

is exact and the level curves of the Hamiltonian are trajectories of the system. At critical
points (V', TL,") we once again have

s+b = o(vV)

and
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Figure 13-9:The solar powerequired to give a critical speed s a strictly
increasing function. The shadeebion has contl b = 0. During a typical
day solar power will vary between OW and 150@W coresponding critical
speed will vary by less than 10km/h.
oL 1
mv - ¢'(v)
and so
. 1-Ccq9'(V) ce. < 1
- Aar~A~ FNTAEN
0 2Ccy 17¢'(v)
b* (V' = 0 n,Cc <ﬁf1 <Cc
V = = - .
( ) B B~™~1 (I)r(v) 1
17 x
L= nCe,¢'(V) 1 e
1/ x
2Cc, o'(v) B

The solar power required to travel at a critical spéet shown in Figurd3-9. The

phase portrait is similar to that shown in FigliBe5. As with the ohmic battergptimal
trajectories must stay very close to the critical point for any journey lasting more than a
few minutes.

Figure13-10 shows some sample journeys. Solar power is constarg with000. The
strategy is dischge—solar—chage. The critical speed is 84.57km/h. @ stay near this
speed requires 1067\8b the section of the journey wittnearv" occurs during a long
dischage phase.
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Figure13-11 shows phase diagram separatricesfor{ 400, 1200, 2000} . The battery
capacity iiciency has been reducedrig = 0.8 so that the solar phase, indicated by the
shaded region, can be seen cledijyically, the capacity étiency of a battery will be
better than 0.97.

On a long journey the car will spend almost all of its time near the critical point. On a
typical day solar power will increase during the morning and decrease during the
afternoon. When solar power is low the critical spéeavill be in the dischaye region

of the phase plane. As solar power increases the critical speed will move through the solar
region into the chge region. During the afternoon, as solar power drops, the critical
speed will drop back through the solar region into the digehagion.

1000

500 \

B\
NN A

60 120 180 240 300 360 420 480

battery power (W)
o

100

80

e N
£ o0
]
T Lo \ (A
o 40 | \ | \
2]
20
% 60 120 180 240 300 360 420 480

time (s)

Figure 13-10:0Optimal speed pfiles passing tlmugh the point

(vv) = (V' =8, m,~-23) for 30 {1,0.1,0.01,0.001} . Solar power is
s = 1000. The upper graph shows a portion of the optimal @ngs with
the ohmic battery model, any journey lasting entian a few minutes must
travel at speeds close to the critical spa€dfor most of the journey
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Figure 13-1: Phase diagram separatrices for solar power

s {400, 1200, 2000} . The critical speed, indicated by a dot, is&ses with
solar powerThe shadedegion indicates the solar phase of the disglear
solar—chage strategyBattery capacity efficiency r;sB = 0.8 to make the
solar region visible.

13.6 Summary

With the more realistic ohmic battery model and the sibvec model developed for the
Aurora car it is much more di€ult to calculate a precise optimal stratelgpwever we

have shown that any practical strategy must closely follow the trajectory of a critical speed
that occurs at a stationary point of the system of state equations. The critical speed
increases with solar power

The ohmic battery model and the sihznc model both give similar strategies. Unlike

the strategies derived using the simple battery model, speed varies continuously with solar
power Nevertheless, the range of speeds is still small, and there is still a short period
between dischging and chajing where the batteries are not used.



14 Drive losses

So far we have assumed that the drive system is perfefitigief. In practice there are
power losses in the drive system during power and regenerative braking. The magnitude
of these losses depends on the speed of the car and on the power being applied to or
generated by the drive system.

To analyse the &dct of drive system losses on the optimal stragtegywill first consider
the simplest case where

« solar irradiance does not depend on location,
» the acceleration of the car does not depend on location,
» the car has a single, perfectly efficient battery, and

« the battery is sufficiently large that battery power and charge constraints are
never binding.

In this simplest case the optimal strategy is, as expected, essentially speed-holding. On an
undulating road, howevespeed variations can be used to reduce power losses and
improve performance.

14.1 Poblem formulation

Sources of power loss in an electric drive system include electrical resistance in the motor
air drag, bearing friction and losses in the control electronics. As described in Chapter 6,
the total power loss in the drive system has the form

2

p
3 t
LPoutr V) = Pin = Pour = 8o+ @V + @V +agv> +k (o)

wherep,,, is the power applied to the drive systeyy, is the power output of the drive
system,v is the speed of the ¢canda,, a ;8 8y, k are constants.
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Drive losses can be taken into account by including them in the state equations and
re-solving the optimal control problemo Simplify the analysis, let the control be the
drive output powep,, , rather than drive input powgx, or battery poweb. If the car
has a perfectly &tient battery then on a level road the problem has state equations

d
dv_lpout_ J
dt_m[v R(V) |
and
aQ _ _b
t €

whereeg is the emf of the battery and where the polvélowing from the battery is
b=p,-s
= Pout * LPgyt» V) —S.

Unlike previous formulations, battery powenow depends on the speed of the The
new Hamiltonian is

T, p Tt
2 3
H = n1v+m[3“t —R(v)} = [Pout + LPoy V) =S

and has adjoint equations

amo_ M,
dt ox
dr, oH 2 [ Pout L

_on _ - 2| Fout ' 3 0
e R L SV IERTOMY
ins = —aiH =0
dt 0 '

The normalised Hamiltonian is

T[2 pout

H=v+ = [v - R(v)} = Clpoyt +L(Poyt: V) —
whereC is a constant, with the normalised adjoint equation

d T[2 pout
m, , b
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The optimal control maximises the Hamiltonian. Collecting the terms depending on the
control gives

TL

2
_ 2 pout
H = mv pout_c{pout-l'k(v) }4—

The maximum value of the Hamiltonian occurs when

2K
—c[1+ p°”ﬂ =0

\/2

and so the optimal control is

V[ T 1
Pout = k| cmv '
Substituting the optimal control into the equations of motion and the adjoint equation
gives

dv _ 1,v] o J_

g - m{Zk[Cmv 1| -RV)} (14.1)
and

d 1, O TC O

T2 _ _1+2[£[2 —1} +R'(V)O

dt m DZk Cmv 5

2
0 0
+cca1+2a2v+3a3v2—"[n2—@ 0
0

a 2k Cmv
s 14 2ira+ L rCfa +2av+3an Y 14.2
= ﬁ{ (V) ﬁ(} {a; +2a,v+3a, ﬁ(} (14.2)

This system of equations does not depend explicitly on solar power; in fact, it is
autonomous.

14.2 Constructing a phase portrait
The optimal strategy follows a trajectory governed by the equations

av _

at f(v, "2)

and
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where

0 0
f(v, 1) = ;Eﬁ[nz —1} - R

T
g(v,rrz) = rﬁ{R’(v)+21k} +C{a1+2a2v+3a3\/2—2\/—k} -1.

As in the previous chaptehis system is exact since

ﬁ +ai = O’
ov 0T,
and at any given value of solar poveghe Hamiltonian is an integral of the system. The
behaviour of the adjoint equations is independent of solar pewéor convenience we

sets = 0. The Hamiltonian is therefore

T, O TC 0 Tt
H=v+£[ﬂ[2 1}—R(V)D—CVZ[ 2 —1}
0

2k Cmv 2k| Cmv
0 3 V[ TH °0

Optimal trajectories in thev, T[2) plane follow the level curves &f. For a given value
Hy and speed, the value ofn2 is given by the quadratic equation

czng + cln2+ Co = 0

where
¢, = L
> acnk
__1,v
Cq = = ﬁ+R(v)}
Co = v—C{ao+a1v+a2v2+a3v3—Xl2<} -Hgy

Level curves of the Hamiltoniad are shown in Figurg&4-1. Solar powes affects only
the value ofH on each level curve.
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Figure 14-1:Level curves of the Hamiltonian. The fixed point is a saddle
point.
The system has a singular poifi’, nz*) ; from (14.1) we get
T, = Cm[2kR(V') +V]
and from (14.2) we deduce that satisfies
CLI2KROV) +V' ] [R(F) + 21|J} +C{a, +2a\" +3a,0 2 - ;1} ~1-=0.

With the Aurora parameters, this cubic has only one root in the regi®®. The
singular pointis a saddle point; nearby curves quickly evolve to eitgemMar tov = 0.
In Figure14-1 the value o€ was calculated to givé = 25.

Separatrices divide thév, T[2) plane into four regions.r&jectories in the lower left

region correspond to journeys with low initial and final speed. Optimal journeys can be
found by solving the diérential equations forwards and backwards from an initial point

(V' - 6\/, T[2* - 6n) . Some example trajectories are shown in Fig4r2. Power

increases gradually to avoid high losses at low speed, then drops back to the level required
to maintain an almost-constant speed.

14.3 A practical strategy for a long journey

For a journey that lasts more than a few minutes, the state trajectory must pass very close
to the fixed point. The fixed spe@d does not depend on time, so the optimal journey will
be close to a constant-speed journey
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Figure 14-2:Power and speed graphs for trajectories passing close to the

fixed point. The longer trajectorieseacloser to the separatrices, and pass
closer to the fixed point.

14.4 Gradients

If the road is not level then the problem has state equations

de_y,

dat "

dv _ 1] Pout _ J

G m R o),
and

d 1

= ¢ Pou L (Poye )~

This time only the adjoint variabie, will be constant, so we can normalise the equations
to makeT[3 = 1. The normalised Hamiltonian is

TT2 pou'[
H = mV+ " [V— R(v) + G(x)} = [Pyt + L(Poyts V) — Sl

and has corresponding normalised adjoint equations

drt

dt

= - 2G'(Y)
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dT[Z _ T[Z Pout
=-T, + —| —(/— +
m| 2

dt 1
Grouping the terms depending on the control, the Hamiltonian can be written as

2
L, p p
2 out out
H = [v J_{pout*'k(v ) }+

As on the level road, the maximum value of the Hamiltonian occurs with the optimal
control

A 1
Pout = okl mv ="

Substituting the optimal control into the adjoint equations gives

R'(v)} + (%L(pout, v).

dv 1Yy [nz

U
4t = mgﬁ( mv_lJ —R(v)+G(x)B
drt TL
1_ _ 24,
g mG(X)
arg, Hr1 v
dt :—Tr1+ﬁ[ﬁ<+R(v)]+a1+2a2v+3a3v2—j(.

Figure14-3 shows an optimal speed curve over a hill. The hill im hiyh and has a
maximum slope of just over 3%. The curve was found using a shooting method. The
initial speed of the car is &n/h. The initial value oft, was chosen to givev/dt = 0

at the beginning of the journejhe other adjoint variabhar1 was then chosen to give a
trajectory with distance as g as possible before speed diest.
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40

speed (km/h)

20

distance (km)

Figure 14-3:0Optimal speed over a hill.
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14.5 Summary

The optimal strategy for a car with perfectlji@ént batteries and a perfectlyfiefent

drive system is to travel at a constant speed. If we introduce drive losses into the model,
the practical strategy for a level road is essentially the same, apart from a gradual
application of power at the beginning of the journey and a gradual use of regenerative
braking at the end.

On an undulating road, howeygower losses in the drive system can be reduced by
increasing the speed of the car on the approach to an incline, then reducing the speed while
climbing. This anticipation of hills is similar to that required for the optimal control of
trains on steep gradients (Howlett & Pudney 1995).



15 Spatially varying irradiance

So far we have assumed that solar power does not depend on the location oFibre car

a car with a perfectly g€ient batterya constant speed strategy is best. When the battery

Is not perfectly dicient, such as with the simple constaricefncy model and the more
realistic ohmic and silver zinc models, the optimal speed of the car varies to compensate
for losses in the battery—that is, the car is driven slightly faster whilgiolgaand

slightly slower while dischaing.

A constant speed strategy is the mostgyefficient. If solar power varies with location,
however variations in speed may collect enough additionalgrerincrease the overall
speed of the calhis principle is easily demonstrated with an extreme example. Suppose
the car is sitting at the start line in full sun, but the rest of the track will be completely dark
for the entire race. If the batteries are empty at the start of the race then the car must wait
at the start line until it has stored enough gnéo drive through the darkness to the finish

line. (How long should it wait?) But even this is not the most extreme scenario—suppose
the race heads south, but the darkness is moving north. The car must travel north with the
light until it collects enough engy to turn around and head for the finish line!

In this chapter we consider the solar car problem where solar power depends on location
as well as on time.

15.1 Poblem formulation

Suppose solar powervaries with both time and location. If the car has a single battery
with constant engy eficiency 0 < n gs1 then

0P 2o
0 €

I(b) =

® gnsb

wheree is the battery emf. The adjoint equations for the problem are
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T oos
dt mv 90X
dr, 5
_ _ 21 p /
g - Tr1+m[V2+R(v)J.

If we once again lety = T,/ mv then the adjoint equations can be rewritten as

dm

1_ _ 0s
G = naix (15.2)
d
o= e -] (15.2)

The Hamiltonian is

O[n - b+... b>0
HeEumo) = o o)
D[r]—r]c]b+... b<O0

whereny = C/eandn. = ngnp-
15.2 Necessary conditions for an optimal strategy

The maximum value of the Hamiltonian depends on the valge dhere are five cases
to consider:

power Np<n O b=P;-s

dischage n=np t b0 [0, Py -9

solar Ng<n<np O b=20
chage n=nc 0 b0 [-Pgr-s 0]
regen n<ne O b=-Pg-s

The dischage and chaye phases are singul#irdischage is maintained on a non-trivial
interval then (15.2) gives

T = ngd'(y).

Differentiating both sides and substituting from (15.1) gives
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npadV _  0s
0] (V)a = Tox
and so
npadv o _ 0s dx
v (V)a = Tax dt’
If we let
YY) = VR(Y)
then

a Vo
U] (V)a = Tox dt
Taking antiderivatives with respect t@ives

P(v) + s(t, X) — J' gfdt = A (15.3)

whereA is a constant.

If a chage phase is maintained on a non-trivial interval t’nfn: r]ccb'(v), which leads
to

qJ(v)+qB[s(t, X) — J'gfdt] = B (15.4)

whereB is a constant.

If s depends only on time then (15.3) and (15.4) reduce to
Plv) = A

and
Y(v) = B.

The analysis in Chapter 10 showed that the soludbasdW to these two equations are
related by the equation

'(V) = ngd'(W).
If s depends only on location then (15.3) and (15.4) reduce to
Pv) +s(x) = A (15.5)

and
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P(v) +ngs(®) = B. (15.6)

Over short time intervals, say less than an henlar power can be considered as
depending on location onlgnd equations (15.5) and (15.6) used to develop an
appropriate short-term strate@y reformulating the problem with location as the
independent variable it is possible to find the relationship bet¥eerdB. This will be
done in the next chapter

15.3 Construction of an optimal strategy

Single, perfectly efficient battery

If the car has a single, perfectlyiefent battery then there are only three driving modes:
power hold and regen. The singular hold phase Witk n* must be maintained for
most of the journeyDuring the hold phase, (15.2) gives

=N ¢'(v).
Differentiating both sides and substituting from (15.1) as before gives the key equation

dv _ 1 0s
Given an initial speed, this equation can be solved numerically to give an optimal speed
profile for the hold phase. The corresponding control profile can be found by using the
equation of motion and (15.7) to give

1 1 o0s
— +9(t,X)—-0(V)] = 5

m

which can be rearranged to give

by = OM) -t X)‘q% >

The enegy drop in the battery can be controlled by varying the initial speed—increasing
the initial speed will increase the average speed for the journey and increaseghe ener
drop in the battery

Figure15-1 shows three optimal speed profiles, corresponding to three levelsgyf ener
use, for a journey with spatially varying irradiance. Notice that the speed of the car
increases as solar power drops, reducing the time spent with low solar power
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Figure 15-1:Optimal journeys starting at 75, 80 andi&b/h. The shading
behind the top graph indicates solar powEhne diagonal dark strip
represents an expanding cloud band moving in the opposéetidin to the
car.

Single battery with constant energy efficiency

If the car has a single battery with constant gyefficiency then there are five driving
modes: powerdischage, solarchage and regen. The key equation (15.7) applies during
both the dischge and chaye modes.

15.4 Solution of a ‘dark oute’ problem

An extreme example of a problem with spatially varying irradiance is the problem
mentioned in the introduction to the chaptehnere the start line is in full sun but the
remainder of the route is in complete darkness. Suppose we have to complete the race with
no net drop in stored emgyt that the solar power at the start line is a con®aand that

the battery has constant egeeficiency n . The optimal strategy for the race is to wait

on the start line for some tin¥g,, then drive to the finish line at some constant speed
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Ignoring the power phase, the total time for the jourmeyuding the time spent cltang,
willbe T = T+ X/V. The enggy collected on the start line will be

Ec = r]BsTC
and the engy used to drive distance at speed/ will be

Ep = x¢\§v) = XR(V).

The maximum value of the hold spe¥dvill occur whenE- = Ep and so
XR(V) = NgsTc-
The total time for the journey will therefore be

XR(Y) |, X
ngs V'

The minimum value off occurs when

XR(Y) X

NgS 2 =0

and hence when
P(Vv) = ngs.

The optimal speed does not depend on the length of the track! Using the car parameters
in Table11-3 with 1000V of solar power at the start line, the optimal journey has
V = 18.9, or 6&m/h.

15.5 Stationary brightness factor
Suppose

s(t,%) = KOSY)

wherek is a location dependent ‘brightness’ factmrresponding to a sky uniformly
covered by clouds that vary in transmittance as the car moves along the route. The adjoint
equations are

G = NSMK'K) (15.8)

and
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dn _ 1 s
gi - myNe'v -], (15.9)

The Hamiltonian and five control modes are as before, with singular djecadt chaye
phases. If dischge is maintained on a non-trivial interval then (15.3) becomes

W(V) + sp(HK(X) —J'so’(t)K(x) dt = A

or
P(v) +J'so(t) K'(X)dx = A

whereA is a constant. If a chge phase is maintained on a non-trivial interval then
m o= r|Cc|>'(v), which leads to

w(v) + nB[SO(t)K(X) - [so'(t)K(x)dt] = B
or

W(v) - HBISO(t)K'(X)dX =B

whereB is a constant.

15.6 Summary
If solar power is a known function of time and location then the key equation

av 1 0s

dt ~ " $"(v)ox
describes the optimal speed profile for a car with a perfedéityesit battery on a level
road. This equation can be solved numerically

In the next chapter we will show that with spatial variations in solar pdesspeed of

the car should be increased when solar power is low and decreased when solar power is
high so that the extra emgrcollected exceeds the eggtosses due to the speed

variations.



16 Short-term strategy

In the previous chapter we saw that if solar power depends only on location then the
necessary conditions for the disdmand chaye phases are

Pv) +s(x) = A
and
W) +ngsx) = B.

These equations are particularly relevant for the short-term strategy; over short time
intervals—sayless than an hour—solar power can be considered a function of location
only. By reformulating the problem with distance as the independent variable we can
derive a relationship betweénandB.

16.1 Poblem formulation

Suppose solar powear [0, X] — O is known for the distance interv@0, X] . We wish

to minimise the time taken to traverse the interva.Will use the simple battery model

and assume that the road is level. Using distance as the independent variable, the state
equations for the problem are

a1

dx v’

dv _ 17p_

ax = mul v RW)
and

dQ _ _

dax - I(b)

with
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ob b>0
0 e

I(b) = O
ONgh

wheree is the battery voltage. The normalised Hamiltonian for the problem is
1, . Terpl _
H= | 1+ﬁ[\7 R(v)] Cl(b)}

with normalised adjoint equation

v = L2 py)-cim -y +r:2v[52+Rl(v)]

If we once again lefy = T,/ mv andg(v) = vR(v)/r]T then

dx \;{E

H = S{n[p-6()] -Ci(h)-1)

and

dn _ 1

ax - ﬁ{n[rﬁw(V)] = Cl(b) -1}
where

W) = VR (V)

16.2 Necessary conditions for an optimal strategy

The Hamiltonian can be rewritten as

D[r]—r]D]b+... b>0
il
D[r]—nc]b+... b<0

Wherer]D = C/¢ andr]C = NgNp- The maximum value of the Hamiltonian depends
on the value of]. As usual, there are five cases to consider:

power Np<n O b=P;-s
dischage n=np O b0 [0, Py -9

solar Nc<n<np O b=20
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chage n=nc 0O b0 [-Pgr-s 0]

brake n<ne U b=-Pg-s

If a dischage phase is maintained on a non-trivial interval thea n, and

dn 1
dx = 3 (Mol +bW] -1} =0
which gives
S+ ) =
D

For givens(x) there is a unique speedhat satisfies this equation, singév) is strictly
increasing. Ass increases the optimal speed decreases; by speeding up under cloud and
slowing down in bright sunlight you collect enough extra g@néw increase the overall
average speed of the car

If Ny is such that the optimal speed of the car iskb@@ when solar power is 1200
then the optimal speed at various levels of solar power is given by the graph in
Figure16-1.

If a chage phase is maintained on a non-trivial interval then Ne and

dn 1
dx - ﬁ{nC[S(X)HIJ(V)] -1} =0

which gives

100

(0]
o

o2}
o

N
o

speed (km/h)

20

0 200 400 600 800 1000 1200 1400 1600
solar power (W)

Figure 16-1:If solar power depends on distance only then the optimal speed
decreases as solar power irgases.
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1
s() + (V) = .
Nec

16.3 Construction of a short-term strategy

The appropriate value ofD for a short-term strategy depends on the total solaggner
expected during the next, s&pkm. To find Np we use the long-term strategy to
determine the desired battery egeat the end of the %dn interval. For any candidate
Np and predicted solar profiewe can calculate a corresponding speed profdad
battery enagy profile E. By adjustingr]D we can find the engy profile that finishes at
the desired level.

16.4 Example

The diference between the optimal short-term strategy and a constant speed strategy can
be quite small. Consider a k& interval where solar power is 120800n the first half of

the interval and 608/ on the second half of the intervab fihake the problem simpler
assume that the car has a perfecfiigieht battery The optimal journey is compared to a
constant speed journey ifle16-1.

optimal constant speed
0—25m, 1200V speed (km/h) 75.8 80.8
time (s) 1186.7 1114.2
enegy (Wh) 123.1 72.9
25-5kkm, 600V speed (km/h) 87.2 80.8
time (s) 1031.7 1114.2
enegy (Wh) -163.0 -112.8
Overall speed (km/h) 81.1 80.8
time (s) 2218.3 2228.4
enegy (Wh) -39.9 -39.9

Table 16-1:Comparison of an optimal short-term strategy with a constant
speed strategyBoth strategies use the same battery gyéthe optimal
strategy is 10 seconds faster ovekB0
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16.5 Summary

On short time intervals we can consider solar power to be a function of distanda only
which case the extra emggrcollected by slowing down in bright sunlight and speeding up
under clouds can more than compensate for the extrgyeregyuired to vary the speed.

In practice, howevethe diference between the optimal strategy and a constant speed
strategy is negligible.



17 Stochastic irradiance

So far we have considered deterministic models of the solar car prob&enmwv
reconsider the simplest solar car model, this time with a stochastic model of solar power

This chapter is based on a paper by Boland, Gaitsgonylett & Pudney (1998).

17.1 A simple stochastic solar car mblem

Suppose we wish to drive a solar car as far as possibleays, wheren is known in
advance. W know how much engy is stored in the battergut do not know how much
solar enggy we will collect over the next days. How far should we drive today?

The solar engly collected each day can be modelled by a seqyeg¢ewith
§=S§+¢

where the deterministic ter@ is the mean solar emgrfor dayi, and wherg Ei} is a
stochastic sequence modelled by a Markov transition matrix (Boland 1995).

The optimal driving strategy for a solar car with perfectficeint enegy storage and
known solar power is a constant speed stralégye time spent driving is the same each
day and if we travel at a constant speedn dayi, then the distance travelled on day
will be x(E;), wherex is an increasing function of the eggiE used to drive the car on
a given dayand has a decreasing derivative.

We use the indek to indicate the number of days remaining, so Biats the enegy in
the battery at the beginning of the final dalge eneagy stored in the battery at the
beginning of any day depends on the battery egyeat the beginning of the previous day
and on the solar ergr collected and engy used during the previous ddfywe assume
that the battery is perfectlyfafient then the engy stored in the battery at the beginning
of dayi is
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Bi =B 1+S4+1-F4q =Byt S-g-

j=1+1
The enegy in the battery at the end of the racB s

The stored engy must also satisfy the battery constrabisB, < B, for
i =0, ...,n-1. We wish to maximise the total distance travelled mays, and so must
maximise

X = X(E;).
2
The initial battery enggy, B,,, is known. The control is the eggrused each day
E=(E, .. E).

17.2 Solution of the deterministic poblem
If & = O foralli then the problem is deterministic—maximise

X = ile(Ei)

subjectto0<B; < B ,withB, = B, _,+S,1~E,, andB_known. This problem
can be solved using Lagrange analysis. The Lagrangean for the problem is

"0
JE) = OXE)+ (N~ _ ) {Brﬁ
i=1 U

D 0
Z% ~E | =N - 1B O
= .
Where)\i andui, i =0,...,n-1, are non-negative Lagrange multipliers corresponding
to the battery constrain® < B, andB, = 0. An optimal strategy must satisfy the
Kuhn-Tucker conditions

|
a3 _ ~ _
g - X&) j;()‘j—l ) =0

(o3}

fori = 1, ..., n. The Kuhn-Ticker condition for the final day gives
(Ag—Hy) = ~X(Ey. (17.1)

Substituting into the Kuhn+icker conditions for the previous days gives the recursion
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(\-H) =X(E,)-XE) i=1..,n-1

If the none of the battery constraints are active until the end of the final day then the
complementary slackness conditions

Ai[Bi =Bl =0
and

nB; =0

giveA, = g, = Ofori =1,...,n-1,and henc&'(E;) = X'(E; , ). Butx' is a strictly
decreasing function, and so

n

1 _

E,=E,=..=E, = {B,ﬁ ZS@
=1

An optimal strategy therefore requires an equal amount ofgih@be used each day

Equation (17.1) shows us that to get a solution &itkr 0 we must have()\o - uo) <0,
which requirespO >0 and hencd, = 0. Thus an optimal strategy must also finish with
an empty battery

The optimal strategy with an irfefient battery requires the car to be driven within a
narrow speed band instead of at a single constant speed. For a typica| Wwalteny

eneqgy efiiciency of 85%, the optimal speed varies by less than 5km/h. Solar cars usually
have batteries lge enough that chge constraints are encountered only on the final day
of a journey

17.3 Modelling Adelaides solar irradiation

Climatic variables can be decomposed into two components, a deterministic one and a
stochastic one. In essence, the deterministic component ‘is derived from the Earth’
revolution and rotation and has quite predictable seasonal and diurnal variations’
(Yoshida & Erai 1990/91). If the weather followed only the deterministic component, it
would not vary from year to yedrhe stochastic component comprises fluctuations about
the deterministic component. These give the day-to-day weather fluctuations, while the
deterministic component gives the seasonal trenelgaka-Dominguez et al (1985),

Hokoi et al (1990/91) andoghida and @rai (1990/91) use a small number of Fourier
coeficients corresponding to some of the cyclical components such as the annual and
diurnal variation to characterise the deterministic component. Phillips (1983) and Boland
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(1995) carry this procedure a step further in determining other significant cyclical
components. The latter goes on to determine the characteristics of the stochastic
component formed by subtracting the contribution of the deterministic component from
the original time series.

We can approximate the daily solar irradiation sequence using a Fourier series. The
frequency spectrum, shown in Figuré-1, shows that apart from the average the most
significant frequency is the intuitive one of one cycle per.yrdeeping with results

given in Boland (1995) for other locations, the frequency of two cycles per year was also
included. The deterministic component is given by

S(t) = 17.58 + 10.04cos (2mt/ 365) — 1.050sin (211t/ 365)
+0.025cos (411t/ 365) + 0.755sin (47t/ 365) (17.2)

The contributions at these frequencies are aggregated and then subtracted from the
original time series. The resulting residuals were checked for persistence by calculating
the partial autocorrelation values forfdient lags. The results are shown in Figlife2.
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Figure 17-1:Spectrum of Adelaide5olar
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It appears from these results that either a first-order autoregressive process (AR(1)) or a
Markov Chain would be the appropriate model for these residuals. The histogram of these
residuals is skewed, indicating that they do not come from a normal distribution, which
implies that an AR(1) process would not be appropriate without performing a
transformation on the residuals to enable them to follow a normal distribution. Thus it was
decided to model the residuals as a Markov Chain. As a preliminary analysis it was
decided to limit the possible states to two, these being greater than zero and less than zero.
The next step is to calculate the transition matrix for this Markov process

p = {pn plz}
P21 P22
Wherepij denotes the probability of going from stat® statej. For Adelaide, South
Australia, this matrix is

p = |0.5456 04544
0.3197 0.6803

17.4 Solution of the stochastic mblem

The stochastic problem can be tackled using dynamic programming. For finite time
problems we define a value functivnsuch thatv,(B, S is the expected maximum
distance we can travel in the remainindays if the battery contains eggiB at the
beginning of the day and if the solar egyecollected during the previous day was

Suppose that solar eggris given by a Markov process withpossible values,, ..., s

The probability of a transition from emgrs; to enegy S is denotedP (s; sj) :

m-

On the last day we maximise the distance travelled by using all of the batteyy aner

all of the solar engy. In practice we do this by watching the sky and adjusting our speed
as we change our prediction 8f, the solar engy we will receive during the dayve

will assume that the distance attained on the last day will be the same as if we hand known
S, in advance and travelled at the optimal speed allAlee beginning of the last day

the distance we expect to travel is

V,(B,9 = Z P(S )X(B +s3).

=1

The expected maximum distance attainable with two days remaining is
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V,(B, S = max X(E) + z P(S §)V,(B+s - £ )0
E O i< O

m 0

= max [p((E)+ P(SS)Z P(s;, SOXB + 5+~ E)D

E O =1 K=1 N

With two days remaining we should chodséo maximise
X,(B, S E) = X(E) + Z P(S s) Z P(s, S9X(B+s; + 35— E) (17.3)
j=1

whereS is the solar engy collected the previous day aBds the enagy in the battery
The expected journey distankg is maximised when

X'(E) - P(S s) P(s sk)x(B+s +s5 -E) = 0.
RN

Becausex is concave and strictly increasing,

max { X5(B, S E)} < max { x(E) +X(E,)} (17.4)
E E

where

ZP(SS) z P(s, S0 [B+s +5, -~ El

j=1

=B-E+ Z P(S s) z P(s, 80 [5+5d -

ji=1
The right hand side of (17.4) is maximised when
E=E =5 B+ P(Ss) P(s sk)[s+sk]
o3y,

Equation (17.4) indicates that using the sameggneach day gives an upper bound for
the optimal solution.
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Example 17-1A two-day journey

The solar engy collected by a 1000/ panel in Adelaide, South Australia, during
November can be modelled by a Markov process with two sfates16.5 x 10% J and

S, = 27.7% 108 J corresponding to residuals being below and above zero, and with the
transition matrix

p = |0.5456 04544
0.3197 0.6803

If we assume that the power required to drive the car is proportiov?aﬂhen the distance
travelled in a day is

X(E) = keV3

wherek = 2255.4 is chosen to approximate the performance obdd\Eolar Challenge
car, and where is distance travelled in metres afds the enayy used in Joules. If the
initial battery enegy is B, = 18.0 x 108 J then for a two-day journey we have

V,(By S;) = 1413km, E
V,(By S,) = 1437 km, E

30.1 MJ, x(E) = 702 km, and
31.7MJ, X(E) = 714 km.

How far would we get if we were able to use half the expected tot@gyeeach day? If
day 3 had solar ergy s; then the expected total eggiis 62.3V1J and the expected total
distance travelled is 14R; if day 3 had solar engy s, then the expected total eggr
Is 65.9V1J and the expected total distance travelled is kAv3

Example 17-2A five-day journey

The dynamic programming method can be extended to any number of dayakd the
problem manageable, the value function is tabulated at each stage and future evaluations
are interpolated from the table. For a five-day journey the result4€sg, s;) = 3293
andVg(B, s,) = 3326.

17.5 Efficient frontiers

If we plot expected return against risk we have drawn what financial managers call the
‘efficient frontief. We then choose a point on the curve corresponding to the level of risk
we are prepared to accept.
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We can use a similar idea to choose a stratagst, we calculate the probability of each
possible solar sequence. Sequences that give the same tajglcarethen be grouped,

and their probabilities summed.éian then plot probability against solar gyeor
(deterministic) distance. The most likely distance is the base point. Greater distances have
a lower probabilitybut greater gloryHow much risk should we take? Perhaps the shape

of the curve will help us decide.

There are two ways we can generate the expected total solgy:ener

1. Generate all possible sequences, then use the Markov transition matrix to
calculate the probability of each sequence, taking into account yesserday’
solar enggy. Group the sequences with the same totalggnsumming the
probabilities.

2. Use a binomial distribution of dull and bright days.

The expected distance travelled over the remainidgys is then

B+E
n

X = nx( )

whereB is the initial battery engy andE is the total solar engy.

Markov method

Using the Markov transition matrix to calculate the gpgrobabilities for a five-day
journey gives two sets of distance probabilities, as showahieTI7-1.

Yesterday dull Yesterday bright
X P[X=x] P[X=X] P[X=x] P[X=X]
3066 0.048 1.000 0.028 1.000
3176 0.135 0.952 0.100 0.972
3279 0.232 0.817 0.202 0.871
3376 0.272 0.585 0.273 0.670
3468 0.215 0.313 0.251 0.397
3555 0.097 0.097 0.146 0.146

Table 17-1:Distance pobabilities for a five day journgiarkov method.

The distance probabilities for a two day journey are showalteL7-2.
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Yesterday dull Yesterday bright
X P[X=x] P[X=X] P[X=x] P[X=X]
1328 0.298 1.000 0.174 1.000
1419 0.393 0.702 0.363 0.826
1499 0.309 0.309 0.463 0.463

Table 17-2:Distance pobabilities for a two day journearkov method.

Binomial method

The probability of a sunny day in Adelaidepis= 0.587. Given that the deterministic
strategy depends solely on the total irradiation received during the jowmeged only
calculate the probability af sunny days in an day journeywhich is

P() = o P -

We can use these probabilities to construct distance probabilities for a five day journey
and for a two day journey

X P[X=X] P[Xz=x]
3066 0.012 1.000
3176 0.085 0.988
3279 0.243 0.903
3376 0.345 0.660
3468 0.245 0.315
3555 0.070 0.070

Table 17-3:Distance pobabilities for a five day journgpinomial method.

X P[X=X] P[X=X]
1328 0.169 1.000
1419 0.484 0.831
1499 0.347 0.347

Table 17-4:Distance pobabilities for a two day journepinomial method.
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Figure 17-3:Probability of exceeding a given distance in five days. The two
black curves a fom the Markov method; the upper graph esponds to
yesteday being bright. The gy curve is fom the binomial method.

Graphing the results

Figurel7-3 shows the probabilities of exceeding a given distance in five days, as given
by each of the two methods. Looking at the upper Markov graph corresponding to a sunny
day six we can see that we have an almost 90% chance of exceedikgn3B60only a

30% chance of exceeding 3300.

If we were prepared to take a 50% chance then our expected distancekis) 3WtH

five days to go we aim to drive 688km each day and set our speed accoléitigdythe
batteries make up for any fiifence between the expected ggaeceived and the actual
enegy received. At the end of each day we reassess our strategy by recalculating the
efficient frontier using our actual battery eger

17.6 Summary

By formulating a solar car problem with a stochastic model of daily solar irradiation we
can calculate the probability of achieving a given total distance over the remaining days
of a race. Knowing the risks, we can then choose a total distance to aim for and divide by
the number of days remaining to give the distance we should drive fdag end of

each day we can reassess our situation and recalculate.

In practice, during a race you would use weather predictions as well as a stochastic
irradiation model to predict the eggryou will receive over the remainder of a race, and
you would recalculate your options more often than once each day



18 Calculating a practical strategy

Until now we have ignored several features of real solar racing, including:
* Dbattery charge constraints,
* evening and morning charge sessions, and

* media stops.

When we take all of these into account, a truly optimal strategy is too hard to calculate.
Instead, the practical strategies used by Aurora since 1993 have been based on the
principles developed in this thesis.

18.1 Strategy principles

The principles used to develop a practical driving strategy for tr&@\8olar Challenge
are:

Speedholding
For a car with a perfectly fgient drive system and a perfectly
efficient batterythe most engy-eficient strategy is a constant
speed strategy—even on an undulating road.

Sun chasing
The amount of engy collected can be increased by varying
the speed of the car to take advantage of spatial variations in
irradiance. The car should be driven slower in intervals of
increased irradiance and faster in intervals of decreased
irradiance.

Battery pampering
Inefficiencies in the battery mean that speed variations can be
used to reduce battery losses. For a car with a perfectly
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efficient drive system travelling at about 1d/h on a level
road, the optimal speed increases by abolkt¥b as solar
power increases from zero to 2600

Looking at this slightly diierently; if solar power increases by
200W then the speed of the car should be increasedtoyhl

Riding the hills
If you imagine the power change due to gradient to be a change
in solar poweryou can use the same principle to calculate how
you should change speed with gradient. The strategy
calculations do not use detailed enough gradient information to
do this, but we could do it as a short-term strategy: if the
gradient causes us to increase battery power bW206
would decrease our speed ynid/h. This short-term strategy
reduces drive losses too.

This scheme was tested on a simulatedkB®{purney with
normally distributed gradients. The improvement was a few
seconds.

And the result? \ith average weathgall of these strategies will get you to the finish line

a couple of minutes earlier than if you had travelled at a constant speed. Nevertheless, the
strategy software | developed for Aurora does take into account daily temporal variations
and long-term spatial variations in solar irradiance.

18.2 Pedicting irradiance

During the Wrld Solar Challenge the irradiance for any location and time was predicted
by interpolating between irradiance functions calculated for Darwin, Alice Springs and
Adelaide.These three irradiance functions are based on theskjearadiance functions

for the three locations, multiplied by a constant brightness factor for eachallyy
brightness factor is simply the ratio of the measured daily irradiation to the predicted
clearsky irradiation. The problem of predicting irradiance up to five days in advance thus
becomes one of predicting daily irradiation at three locations on the route.

The historical daily irradiation at any location can be approximated by a truncated Fourier
series
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3

2mid . 2md

I(d) = ao+-zlai C0S e +bjsin e
i =

(18.1)

whered is the day of the year arad andb; are parameters that depend on the location
of the carThe values of the parameters can be found by fitting the series to historical
irradiation data (Boland, private communication). The parameters for Darwin, Alice
Springs and Adelaide are given in the following table.

Location ag a, a, ag by b, by

Darwin 21.7 0563 -1.12 0.195 -1.77 0.745 -0.389
Alice Springs 22.2 6.34 -0.886 0.139 -1.20 0.250 -0.236
Adelaide 18.0 10.6 0.325 -0.163 -0.803 0.689 0.849

Table 18-1:Fourier coefficients for calculating daily irradiation (MJ).

We can compare the historical irradiation data to the value from (18.1) to give a sequence
of deviationsAl ; = 14~ 1(d), wherel ; is the measured irradiation on day

If we now graphAl ; againstAl ; _ ; we can see how the deviation depends on the
deviation from the previous daye can then fit a least-squares quadratic to this graph,
and apply this function recursively to predict sequences of deviations.

The standard deviation of the error of this prediction scheme is about 20%, which is
slightly better than assuming that the irradiation tomorrow will be ‘back to normal’ or ‘the
same as today’.

During the 1999 Wftld Solar Challenge | used satellite images and weather predictions
from the Bureau of Meteorology to predict daily irradiation for the next day or two, and
our daily irradiation prediction scheme to predict further

18.3 Finding the optimal speed pfile

Given a solar irradiance profile for the remainder of the race, the optimal speed profile can
be found using a shooting method:

* pick a starting speed

» simulate forward until either the end of the route is reached or else the battery
is empty
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if the end of the route was not reached then pick a lower speed and try again;
if the end of the route was reached and there is energy left in the battery then
pick a higher speed and try again.

10 Darwin 10 Alice Springs
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Figure 18-2:Chamge pediction for the \Wtld Solar Challenge. The small
vertical jumps occur at media stops, wiéne stationary car collects eggr
for half an hourThe lager vertical jumps occur at the end of each, delyen
the battery is chayed fom the setting sun and then again the next morning
from the rising sun.

Figure 18-2 shows Aurompredicted chage profile for the 1999 Wld Solar Challenge.
based on historically average weatfidre state of the journey is calculated atrh0
intervals using a simple Euler method to solve thiedintial equations. The small
vertical jJumps are from 30 minutes of ofjiaig at media stops; the ¢gr jumps at the end
of each day are from evening and morning gimay.

The battery is empty at the end of day féess than 100km from the finish line. If we had
travelled faster during the first four days the battery would have emptied.sboaer
overnight chage gives plenty of engy to complete the race early on day five.

18.4 Battery charge constraints

The chage profile in Figurd 8-2 shows that the batteries used in tlegltVSolar

Challenge have over twice the capacity required to store thgyermtected during an
evening and morning clge session, and so a full battery constraint is rarely encountered.
On the other hand, an optimal journey always has the battery empty near the end of the
journey

In November 1994 Aurora drove their Q1 solar car from Perth to SyBoethis trip, the
car had only a small 2000Wh lead-acid battéhe battery full and battery empty
constraints were encountered every.dde car was driven from sunrise to sunset, so
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Figure 18-3:Daily chage puofile for a long journey in a car with a small
battery The light gey chage pofile shows what would happen if the car
continued driving at the low speed.

there were no lge rechage sessions. The ideal champrofile for such a journey is shown

in Figure18-3. The car starts each morning at sunrise with the battery half full, then drives
at low speed so that the battery empties just as solar power becomes high enough to
maintain the low speed. The car is then driven on solar pauteran empty batteryntil

it reaches the upper clgimg speed. This upper speed is selected so that the battery
becomes full mid-afternoon, just as the solar power has dropped to the level required to
sustain the upper speed. The car is then driven on solar, paitea full batteryuntil it
reaches the lower speed which is maintained for the remainder of {Haidéyng with

the battery half full.

At any point on the journey the aim is to travel as far as possible at a constant speed before
hitting a battery chge constraint. At the beginning of the dthe chage trajectory that

does this will just touch the battery empty constraint then continue on at the same speed
to hit the battery full constraint, as shown by the greygehaurve in the diagram.

Travelling slower would give a chge trajectory that filled the battery sooner; travelling
faster would have caused the battery to empty before the speed could be maintained using
solar powerWhen the car reaches the battery empty constraint, it is possible to follow the
constraint so that speed of the car increases, extending the range of the constant-speed
strategy

This method is based on an elegant formulation of the problem by Gatest&oty

(1996) where the total erggr profile for the journey is represented by a curved tube with
the tube width corresponding to the battery gneapacity The optimal battery engy
profile is found by stretching a string through the tube.
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18.5 Following the battery charge pofile

Errors in our modelling mean that the car will inevitably stray from any pre-computed
journey profile. Vé compensate in two ways. First, we drive the car to follow the predicted
chage profile instead of the predicted speed profile. Second, we recompute the profile
whenever we stray too far

By adjusting the speed of the car to stay on thegeharofile we ensure that we will not
empty the battery before the end of the race. If the car is performing better than we
predicted then we will end up driving faster than we expected, which is not a bad thing.
On the other hand, if the car is performing worse than we expected then we will travel
slower than we predicted, but we will have enoughggnierthe battery to finish the race

at a reasonable speed.

18.6 The 1999 Wrld Solar Challenge

The next five pages are annotated telemetry logs from the 1688 ®¢lar Challenge.
Our telemetry system took measurements in the solar car and relayed the measurements
to a laptop computer in a support.car

The race data is presented as one page for eachitdagraph on the left of each page
shows three things:

» the shaded area indicates the remaining battery charge, as a percentage of full
charge;

» the orange line indicates array power, with 100 indicating 1000W; and

» the blue line shows the approximate speed of the car, in km/h.

The measured speed fluctuated wildly because of instrumentation problems. The speed on
the graph has been smoothed over five minute intervals, but is still not as stable as our true
speed.

Telemetry was not working at the beginning of days four and five.

The race was very cloudy for the first three days, and so predicting the weather and
strategy played a much greater role than if the weather had been clear
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18.7 Summary

In practice, a constant speed strategy is a simple gsulie¢ driving strategyl’he main
difficulty is calculating the speed that will balance the gyneollected with the engy

used. © do this you need to predict irradiation four or five days in advanedae
developed a practical scheme based on predicting daily irradiation at locations along the
route. Shorter term predictions are unnecessary provided you have adequpgténener

your battery to get you through short-term variations in brightness without varying the
speed of the car too much. By driving to match the predicted battegegbrafile you

can ensure that you will not empty the battery too soon.



19 Beyond solar cars

Whenever we have the car on displing two most frequently asked questions are ‘does
it get hot in there?’ and ‘how fast does it go?’

The third question is ‘when will we all be driving one?’ The answer is probably.never
Solar racing cars are experimental vehicles, designed to push the limits of technology and
to excite the imagination. They have been spectacularly sucessful; the motors, solar cells,
batteries, control systems, tyres and bodies designed and built for solar cars are among the
most eficient evey and public awareness of the cars and their capabilities is high.

But there are many features of the current generation of solar cars that make them
impractical:

solar cells require a large, flat area facing the sky, making the cars both wider
and longer than conventional cars and wider and longer than is
aerodynamically efficient;

the cost of high-efficiency solar cells is prohibitive;
the rare-earth magnets in high-efficiency motors are expensive;

batteries have a very low energy content compared to fossil fuels, and battery
life is short when the batteries are repeatedly fully discharged;

the interior space is small, and it takes several people to get a driver into or
out of the car;

the driver does not have a good, all-round view of the road; and

the cars are too low to be seen by other road users.

In January 2000 Aurora drove the Aurora 101 from Sydney to Melbourne in a day
distance of 87km. A commuter car does not need anywhere near this range. What it does
need is:
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» two comfortable seats, luggage space, easy entry and exit, and good all-round
vision;
« asmall, lightweight, aerodynamic body and energy-efficient tyres and brakes;

* a non-polluting, renewable energy source;

* an energy storage system that can be ‘recharged’ quickly and conveniently,
either by swapping energy storage packs or, even better, by recharging the car
from an external energy storage system; and

* inexpensive components, such as switched-reluctance motors and
commercial solar cells.

Whatever comes next, in cars and in general power sugdiptyent enegy management
will play an increasingly important role as we move away from fossil fuels.
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We start on The
Esplanade in 7th
position, behind
Kanazawa, Solar
Motions, Queens,
Aoyama, Michigan
and Minnesota.

Just before the end of the dual lanes we overtake
SunShark to take the lead.

Roadworks 150km
south of Darwin slow
us to 30km/h. We are
one of the few teams
to escape tyre
damage.

Katherine. Tamagawa arrive 11 minutes behind us,
then NTU, OSU and Queens.

We notice that three array sections have been low
since about 1130. The time we would lose if we
stopped to find and repair the fault would be greater
than any potential benefit, so we keep driving.

Dunmarra. We are in
front by 25 minutes.
Tamagawa, NTU and
Queens all arrive
before 1710.

The evening sun is
blocked by a cloud. At
this power level we
cannot find any faults in the array.
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The morning charge session is cloudy except for
half an hour at 0730. There are heavy clouds to the
south. We did not get anywhere near the charge we
were expecting, so will have to slow down.

The cloud is now very
heavy.

NTU pass us. We are in second place.

Queens pass us. We are in third place.

Driver change.

Tennant Creek. We are 33 minutes behind Queens
and 12 minutes behind NTU. SunShark is 18
minutes behind us.

Despite the weather predictions, the cloud is
clearing. We increase speed so that we will be out of
the Davenport Ranges by the end of the day.

We pass NTU, and are back in second place.
Queens is 8km ahead.
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Once again, the sun is
behind clouds for
much of the morning
charge session.

We overtake Queens. We are in first place, but
heading back into cloud.

Driver change. The
entire team is
suffering from small
bladders.

Power drops on three
of the array sections.
We slow down to
compensate for the
reduced power.

We are overtaken by Queens, and are back into
second place.

Alice Springs. We are 7 minutes behind Queens, and
26 minutes ahead of SunShark.

Power is down on all but one of the array sections,
but comes back up again as the car cools.

We stop13km south of Erldunda. Queens are 23km
ahead; SunShark are 2km behind us.

After many telephone calls we find the problem with
the array—the trackers shed power when they reach
80°C. We build a ventilaton system for the trackers
and fit a temperature sensor.
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Telemetry is not working. We prepare to drive using
only the ampere-hour meter in the car. And today is
the day we want to flatten our battery.

The sky is cloudy for all but the last 15 minutes of the
morning charge session.

SunShark pass us. We are back to third place.

Telemetry starts working. We are not sure why.

The trackers are at 80°C, and array power is levelling
out at 900W. We stop and remove the cover from the
trackers. Temperature drops by 10°C, and power
increases by 100W.

Cadney. We are 10 minutes behind Queens, and 8
minutes behind SunShark.

The trackers turn off during the stop when the battery
voltage exceeds 200V. Immediately before the
evening charge session we will remove some cells
from the battery so that it will not happen again.

We pass SunShark. We can see Queens in the
distance.

We pass Queens. We
are in front again. We
stop 177km south of
Coober Pedy.

Today was almost
perfect. The sky was
clear, we maintained a
constant 80km/h for nearly the entire day, and we
finished without abusing our battery. Queens and
SunShark both stopped early to recharge.
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The telemetry system does not like these cold
mornings.

For the first time the morning sky is clear. We finish
the charge session with our battery half full.

Glendambo. So far today we have averaged 83km/h.
Queens arrive 12 minutes behind us, having
averaged 74km/h. SunShark are 29 minutes behind
us, averaging 73km/h.

We have good sun and a tail wind, so are able to
increase our speed to almost 100km/h.

Port Augusta. Our average speed over the last leg
was 92km/h. We leave the stop before any other
team arrives. We are 33 minutes ahead of Queens,
43 minutes ahead of NTU, and 47 minutes ahead of
SunShark.

The tail wind changes to a head wind, so we slow
down.

Clouds are predicted for Adelaide.

Adelaide is clouding over from the south. We will
make the timing finish, but may not be able to get to
Victoria Park by 1700.

We pass the timing
finish at 1636. There
is no way we can
reach Victoria Park in
heavy traffic by 1700. We slow down to 30km/h so
that we will still be north of Gepps Cross at 1700.
Unless we break down, no other team may overtake
us. We stop at Capt’n Snooze.

The next morning we drive through peak traffic and
rain to the finish line.
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